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PART 1: Advanced Monte Carlo methods

This part covers advanced Monte Carlo estimators and variance reduction techniques (an- / 10
tithetic variates, control variates, stratified sampling). These tools are exploited in Part 2 to
analyse Multilevel Monte Carlo (MLMC) estimators.

Question 1: Antithetic variates (2 pts)

Let U ~%(0,1) and .#¢ = E[g(U)]. We consider the standard Monte Carlo estimator and its antithetic version, i.e.,

jie L - U; 4 fanto 1 3 U; 1-U;
NC= N LEW), and I} _ﬁi;(g +gl-Up),

where the elements of (Ul-)f.\i1 arei.i.d. (0,1).

(a) Provide a sufficient condition on g under which Var(I i,nt) < Var(f%lc). (Justify your answer.)

(b) Let g1(x) = e, & (x) = (x—0.5)?, g3(x) = sin(4nx). For each function g;, j = 1,2,3, determine if
antithetic sampling reduces the variance when compared to standard Monte Carlo. Justify briefly your
answers.
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Question 2: Control variates (2 pts)

Let X ~%(0,1). We want to estimate y = E[X3] and consider the control variate ho(X) = X?, with E[hy(X)] = 1/3.

(a) Define the control variate estimator to estimate y using /iy, and show that it is unbiased for any choice of
the control coefficient § € R.

(b) Compute B*, the optimal control coefficient that minimizes the variance of the control variate estimator.




Question 3: Stratified sampling on [0, 1] with non-uniform intra-stratum variances (4 pts)
For X ~2(0,1) and g(x) = e*, the goal is to estimate

& =E[g(X)] =folexdx= e—1.
Resorting to stratified sampling with K equal strata:

D=5 k), k=1..K

means, within each stratum Dy, sampling Ny i.i.d. points Xj 1,..., Xi n, ~ % (D). The resulting quantities

%, o 1 & 1 &
Yei=gXe)=eXi, Ve=—Y Yii, Jsu=—) ¥
k,j = 8(Xk,j) k Nk; k,j str Kk; k

deliver the stratified estimator as ;.

(a) For each stratum Dy, compute explicitly
te=E[Yi1 | Xe1 €Dgl, 0% =Var(Yy, | Xg1 € Dy)

in terms of K and k, and show that O'?C depends on k (i.e. the intra-stratum variance varies across strata).

(b) Assuming independence between and within strata simulation, express the variance of the stratified esti-
mator . in terms of (Ny) and (0%).

(c) Using the formula for the optimal allocation in stratified sampling, give the explicit expression of the opti-
mal sample size N in stratum k as a function of N, k, and K.




(d) Write an R function delivering the standard Monte Carlo estimator approximating .#. This function should
be called MC (N), take as input the total number of samples N, and return both the estimate and an estimate
of its variance.

(e) Write an R function implementing the stratified sampling estimator with proportional allocations that es-
timates .#. This function should be called Stratified_prop(N,K), take as input the total number of sam-
ples N and the number of strata K, and return the estimate and an estimate of its variance.







PART 2: Multilevel Monte Carlo (MLMC)

This part studies why Multilevel Monte Carlo (MLMC) can be much more efficient than plain /20
Monte Carlo by using numerical approximations (grids, time steps, etc.). The goal remains | ...

to approximate .# = E[Y] when simulating Y is costly or impossible. Instead, one produces

Zy atincreasing complexity levels, £ =0,1,2,..., L.

¢ In standard Monte Carlo, the level L is set and N i.i.d. copies of Z; are simulated and averaged. The root
mean squared error (RMSE) is of order € when

- the approximation level L is of order ¢,

- N = O(¢~?) samples control the Monte Carlo variance.
However, the level L may be such that sampling is too expensive (e.g., of order 2L or £3).

e MLMC avoids this cost explosion by combining cheap simulations at cruder levels with only a few expensive
simulations at the finer levels, exploiting

— a telescoping identity that writes the finest-level expectation as a sum of differences between consec-
utive levels,

— the fact that the variance of these differences Z, — Z,_, typically decreases very fast with ¢.

This allows MLMC to reach the same accuracy at a much lower cost.

Asymptotic notations

* For functions f(¢) and g(¢), we denote f(¢) = O(g(e)) when ¢ ~ 0 if there exist constants C > 0 and &g > 0
such that [f(e)| = Clg(e)| forall0< e <¢ggp.

e For sequences (a,) and (by), we denote ay = by if a, = O(by) and by = O(ay).

Question 1: Standard Monte Carlo (2 pts)

Let X ~ f(x) be square-integrable with E[X] = . Define the Monte Carlo estimator

1 N
ﬂN:NZXi’ Xl' lldf
i=1

(a) Show that Var(fiy) = Var(X)/N and that in order to achieve MSE(f1y) = E[fiy — ,u)z] = 0(e2), standard Monte
Carlo requires N = O(¢~2) samples. (1.5 pt)

(b) Ifthe cost per sample is C, derive the total computational cost. (0.5 pt)




Question 2: Building a deterministic quadrature hierarchy (2 pts)

For p = 1, define
1 2 (k)P
QgZ—Z(—) , {=0.
20 = 2¢
(a) Compute .¥ = fol xP dx. (0.5 pt)
(b) Show that Q; —.# = 0(27%). (0.5 pt)
(c) Using Faulhaber’s formula

NPl NP .
+ — +O(NP™,
=1 p+1 2




Question 3: Telescoping identity (1 pt)

Show that, for L! random variables (Y;) ,

L
E[Y7] =E[Yo] + ) E[Yr— Yp_1l.
/=1

Question 4: Monte Carlo version of the telescoping sum (3 pts)

Let (Zg)ﬁ;zo be random variables such that F[Z,] = Q,. Define the multilevel estimator

with (Ny), a non-increasing sequence. Assuming Var(Z, — Zy_;) = 022

(a)
(b)

(9]
(d)

Show that E[¥;] = Q;. (0.5 pt)

Show that, if Ny — oo forall £ =0,..., L, then f/L — Q in I? and deduce that the convergence also holds in
L'. (1pt)

Discuss how the choice of (/Vy) impact variance and convergence rate. (0.5 pt)

Compute Var(f/L) when samples are coupled, i.e., the same Zlfi) are used in (Z;i) — Zlfi_)l) and (Z () Zéi)),

/+1
and identify cross-level covariances. (.5 pt)

Recompute Var(Y;) when level terms are independent and compare. (0.5 pt)




Question 5: Variance and cost analysis (3 pts)

Define D(;) =Z ;") -7 lE’_) » Ve =Var(Dy), ¢, cost per sample, and covariance yy,, = Cov(Dy, Dp,), assuming further

thaty, ,, =0for |£ —m|> 1.

(@) Show that (1 pt)

L L-1
. v
Var(¥p) = Y L 42y — Tolel
i—oNe  j=ymax(Ng, Nyi1)
(b) Inthe independent-level case, i.e. when y, ,,, = 0 for all ¢ # m, using the Lagrange multiplier method, show
that the optimal allocation (N§, N, ..., NJ) that minimises ZIZ:o Nycp under the constraint Var(Y;) < Vp

satisfies

VO m=0

1 L
N =/ vile, (— > ,/vmcm).
Deduce that the minimal cost is

2
L
Cmin = /v, (Z V v;c;) .
7=0




Question 6: Optimal MLMC complexity (3 pts)

Assume the independent-level variance formula from Question 5, and toy scalings v, = 2720 and ¢y = 2°.
(a) Using the expression for Cpi, from Question 5, show that to achieve Var(Y7) < Vp with V; = €2, the total

MLMC cost satisfies Cyivc = €2. (1 pt)

(b) Consider now a standard Monte Carlo method at the finest level L, chosen so that both the bias and the
Monte Carlo variance are of order O(&2). Assuming |E[Z;] — Z| = 2L and cL = 2L compute the resulting
level cost Cgr, as a function of ¢, and compare it to Cyrvic. (2 pts)
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Question 7: Rigorous MLMC error bound (2.5 pts)
Assume the bias satisfies |[E[Y7] —.#| < B2~L for some constant B > 0.
(@) Show that choosing L = [log,(B/¢)] ensures [E[Y,] - #| <&. (0.5 pt)

(b) Using the independent-level variance expression from Question 5 and the scaling assumptions Var(Z, —
Zy_1) = 272 derive an upper bound for Var(YL) in terms of the sequence (Nf)lgfzo- (1pv)

(c) Show that choosing (¢ =0,...,L) Ny =2~ &2 yields Var(¥;) = O(e?). (0.5 pt)

(d) Combine the bias and variance bounds to conclude that MSE(V}) = [E[(?L 4 )2] = 0(e?). (0.5 pt)
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Question 8: Debiasing Monte Carlo estimators (3.5 pts)

Let (Y7) s> be biased estimators of y with Yy =0 and E[Y,] — p as £ — co.

(a) Justify the telescoping identity (0.5 pt)
o0
p=Y E[Y,- Y]
/=1

(b) Under suitable conditions, establish unbiasedness for the single-term estimator Y =Yi-Yi/ pr, when Lis a
random variable on N* with probability mass function (pg)=;. (1 pt)

(c) Assume Var(Y; — Y,_1) = 0(27%%) and py « 2% Determine the values of & for which Var(¥) < co. (1 pt)

(d) Ifthe cost of computing Yy is O(2¢), compute the expected cost of ¥ in terms of a, and discuss the variance—
cost trade-off when choosing a. Compare qualitatively this debiasing approach with the MLMC strategy (in
particular in terms of asymptotic cost for a given RMSE). (1 pt)
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