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Abstract
The idea behind mathematical modelling is the representation of observations in a form that
becomes useful for analysing, controlling, and predicting the underlying system. In the power
system, modelling enables the operation of the power grid that aims for steady, secure, affordable,
and carbon-neutral electricity supply. Achieving these objectives relies on having useful and
tractable models. While the ongoing energy transition is a requirement to decarbonise the energy
system, it, at the same time, poses a significant challenge for the existing modelling approaches
and, hence, the operation of the grid. The need to consider more generation units, increased
uncertainty, and more intricate dynamic behaviour calls for the development of complementary
modelling approaches to better meet the operational objectives.

A key tool in power system operation is the solution of differential equations that govern the
dynamic behaviour of the system. As their solution incurs a large computational cost and will
increase in light of the energy transition, their acceleration is crucial for future operation. In this
work, we investigate a recently suggested approach to solving these differential equations based
on Machine Learning (ML), a method known as Physics-Informed Neural Networks (PINNs). We
learn the solution and once it is learned, the evaluation can be several times faster than with a
conventional numerical integration scheme. The question is if and how this approach can be applied
to a realistic system size, i.e., are PINNs scalable?

We begin by providing a thorough investigation of the methodological proposition that PINNs offer
in the context of a small dynamical system, i.e., a single machine. The introduction of a concept
from the numerical analysis of dynamical systems, called flow, contributes to a better interpretation
of the learned solution. On this basis, we demonstrate several techniques for improving the learned
solution and to induce desirable numerical properties. To this end, we propose an additional loss
term (dt-loss) and an extension to the architecture of PINNs (IRK-PINNs). The adoption of
a probabilistic viewpoint of PINNs in the context of estimating the system parameters further
enhances the understanding of PINNs as a modelling approach for dynamical systems.

Looking beyond a single machine system, the scalability to realistic sizes of the power grid with
multiple machines proves to be challenging. While we show that it is possible to learn selected
dynamics of a 39-bus system, the increasing complexity of the learning process becomes a practical
barrier for the scalability of PINNs. Based on this analysis, we propose a simulator called PINNSim
that combines the benefits of PINNs for small systems with the flexibility and scalability of a
conventional numerical method. In PINNSim, the dynamics of each component are represented by
a component-specific PINN, and we determine their interaction with a conventional root-finding
algorithm. PINNSim allows for larger and hence fewer time steps as we demonstrate on a 9-bus
system. It is conceptually scalable and enables a modular integration of PINNs.

Due to the safety critical nature of the power system, the adoption of ML-based modelling, such as
PINNs, requires building trust on the grid operator’s side. We reflect on this challenge and suggest
a classification of ML-based methods based on the benefits they could provide for different tasks.

xvii





Resumé
Ideen bag matematisk modellering er repræsentationen af observationer i en form, der bliver
nyttig til at analysere, kontrollere og forudsige det underliggende system. I elsystemet, muliggør
modellering driften af elnettet, der sigter mod en stabil, sikker, overkommelig, og CO2-neutral
elforsyning. At nå disse mål afhænger af at have nyttige og håndterbare modeller. Mens den
igangværende energiomstilling er et krav for at dekarbonisere energien system, udgør det samtidig en
væsentlig udfordring for de eksisterende modelleringstilgange og dermed driften af nettet. Behovet
for at overveje flere produktionsenheder, stigende usikkerhed og mere indviklet dynamisk adfærd,
kræver udvikling af komplementære modelleringsmetoder for bedre at opfylde disse operationelle
mål.

Et nøgleværktøj i driften af elnettet er løsningen af differentialligninger, der beskriver systemets
dynamiske adfærd. Da deres løsning medfører store beregningsomkostninger, som kun vil blive
værre pga. energiomstillingen, er deres acceleration afgørende for fremtidig drift. I denne afhandling
undersøger vi en nyligt foreslået tilgang til løsning af differentialligninger baseret på Machine
Learning (ML), en metode kendt som Physics-Informed Neural Networks (PINNs). Vi lærer
løsningen, og når den først er lært, kan evalueringen være flere gange hurtigere end den konventionelle
numeriske integrationsordning. Spørgsmålet er, om og hvordan denne tilgang kan anvendes på en
realistisk systemstørrelse, dvs. er PINN’er skalerbare?

Vi starter med at give en grundig undersøgelse af den metodiske baggrund, som PINNs tilbyder i
sammenhæng med et lille dynamisk system, dvs. en enkelt maskine. Introduktion af et koncept
fra den numeriske analyse af dynamiske systemer kaldet flow bidrager til en bedre fortolkning
af den lærte løsning. På dette grundlag demonstrerer vi flere teknikker til at forbedre den lærte
løsning og at inducere ønskelige numeriske egenskaber. Til dette formål foreslår vi et yderligere led i
objektivfunktionen (dt-tab) og en udvidelse af PINNs (IRK-PINNs) arkitektur. Ved at tage et mere
probabilistisk synspunkt for PINNs i forbindelse med yderligere estimering af systemparametrene
øger forståelsen af PINNs som en modelleringstilgang til dynamiske systemer.

Ser man ud over et enkelt maskinsystem, så synes skalerbarheden til realistiske størrelser af elnettet
med flere maskiner at være udfordrende. Mens vi viser, at det er muligt at lære nogle dynamikker
i et 39-bus system, bliver den stigende kompleksitet af læreprocessen en praktisk barriere for
skalerbarheden af PINNs. Baseret på denne analyse foreslår vi en simulator kaldet PINNSim
der kombinerer fordelene ved PINNs til små systemer med fleksibiliteten og skalerbarheden af en
konventionel numerisk metode. I PINNSim er dynamikken i hver komponent repræsenteret af en
komponent specifik PINN, og vi bestemmer deres interaktion med en konventionel rod-søgende
algoritme. PINNSim giver mulighed for større og dermed færre tidstrin, som vi demonstrerer på et
9-bus system. Det er konceptuelt skalerbart og muliggør en modulær integration af PINNs.

På grund af elsystemets sikkerhedskritiske karakter er brugen af ML-baseret modellering, som
f.eks PINNs, noget der kræver opbygning af tillid på netoperatørens side. Vi beskriver denne

xix



xx ACRONYMS

udfordring og foreslår en klassificering af ML-baserede metoder baseret på de fordele, de kunne
give til forskellige opgaver.



CHAPTER 1
Introduction

1.1 Context and motivation

When we use models, we aim to build a mathematical representation of systems and processes
that we experience through observations. Such systems can be natural, technical, societal, etc.
– examples are the movement of planets in space, the power grid, or a population’s reaction
to a pandemic. By building a mathematical representation, models can help us to understand
characteristics of these systems and make them amenable to analysis, prediction, control, and
optimisation. In this thesis, the system in question is the power system, more specifically the power
grid that connects loads and generation units and thereby satisfies the energy needs of a society.
The task for grid operators and related actors is to ensure a safe and steady supply while being
accessible and affordable for the entire population. In light of the need to decarbonise our energy
use [1], the support of the ongoing energy transition places another important objective on power
grid operation. The rapid development of renewable energy sources is a necessary condition to meet
the objective of decarbonisation [2], but it has also major impacts on the operation and planning of
the power grid.

To meet all constraints and objectives as well as possible, power grid operators need to continuously
analyse the grid, react to disturbances and anticipate potentially critical operational scenarios in
the future. To this end, power system researchers and the industry have developed many models,
see, e.g., in [3]–[5]. Depending on the task at hand, these models will have different levels of
usefulness. For example, for judging whether the system will remain within the operational limits,
i.e., analysing the system stability, different models can inform about different stability phenomena
[6], [7]; they might be considered accurate, but their usefulness depends on the task. At the same
time, the evaluation of each model is associated with a computational cost. In Figure 1.1 we
show these two dimensions in a schematic illustration. The solid black line represents the “model
frontier”, i.e., those models that provide the best trade-off between the conflicting objectives of
usefulness and computational cost. Models that lie above this line, i.e., in the shaded areas can be
used, but the models at the frontier would be cheaper.

In practice, this large region of available models is restricted from the left and the top: We only
have limited computational resources and require a minimum level of usefulness from a model
to solve the given task. The dotted lines illustrate these limits, and they demarcate a region of
applicable models, that are sufficiently useful and do not exceed the computational budget. The
model within this region that is the cheapest to evaluate yet solves the task would be the optimal
model choice and is denoted by the star symbol. However, the constraints of the task, i.e., the
computational budget and the required usefulness, can lead to a situation with no applicable model
left – the unfilled circle in the upper right illustrates this situation. Out of necessity, one can adjust
the budget or compromise on the requirement for being considered sufficiently useful. The two
red circles show potential options. Increasing computational budget might be possible, however,

1
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Requirement level 1 Requirement level 2

Budget
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Figure 1.1: Trade-off between the usefulness of models (do they help to solve a task) and the
computational cost of their solution. The minimum required usefulness and the computational
budget limit the region of applicable models. The energy transition reduces this region, whereas
more useful models and accelerated solutions extend the area.

it comes at increased financial needs for the infrastructure. Adjusting the requirements towards
the model demands for accepting compromises with respect to operation. We could, for example,
simplify very complex component models to lighten the computation at the risk of not being able
to capture certain harmonics in the grid. From the modeller’s view – which we will take – the
region of applicable models needs to be extended in such situations. This can mean finding more
useful modelling approaches as well as reducing the computational cost associated with a model’s
evaluation, i.e., accelerate the model solution process.

The energy transition towards a power grid with high shares of renewable energy sources challenges
our modelling and operation approach [8]. In particular, more generation units, higher uncertainty,
and faster responding components are a few of those challenges [7]. Trade-offs were always necessary,
in particular with respect to real-time decisions, but they could be tested over many years. In
contrast, the energy transition reshapes the power grid at a high pace and requires more difficult
trade-offs. As a consumer of electricity, we usually only notice problems in the operation of the
grid in case of a blackout. However, on a societal level, these trade-offs have very real implications:
The amount of cheap and carbon-neutral electricity that is curtailed rises [9]. Reducing these
inefficiencies is highly desirable from an economic and an environmental perspective and this can
partially be achieved by better operation. Enabling grid operators to do so by enlarging the region
of applicable models is the goal of this thesis.

1.2 Research gaps

Our focus lies on accelerating Time-Domain Simulations (TDSs) that are a key tool to analyse
stability phenomena. When performing a TDS, we approximate how a dynamical system, such as
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the power system, evolves over time. We can describe the instantaneous changes with differential
equations in a very detailed and widely applicable form. However, solving a differential equation,
i.e., tracing the system evolution over a certain amount of time, is extremely challenging. Even for
seemingly simple differential equations, we often cannot solve them exactly but have to revert to
numerical approximations [10]–[12].

The developed numerical methods are also applicable to dynamics encountered in the power system.
However, there are several challenges that encouraged the development of tailored numerical
methods. First, the high number of dynamical components, e.g., generators or inverters, leads to a
large number of coupled non-linear Ordinary Differential Equations (ODEs). Second, the time-scales
of interest can range from milliseconds to minutes depending on the chosen level of modelling detail.
Third, the presence of algebraic and discrete variables requires special attention. Addressing these
difficulties has been the subject of research over many years [3]–[5], [13]. The developed numerical
methods are implemented in open-source, e.g., [14]–[16], and commercial software packages, e.g.,
[17], [18], and are the workhorse for many power system analyses. Recent research largely focuses
on the potential of parallelisation, decomposition techniques, and Semi-Analytical Solution (SAS)
methods [19]–[23]. These approaches primarily exploit the network structure in the power system
to accelerate the solution process. This structure originates from the sparse network connections
between the components which affects the interaction of their dynamic response.

Despite the recent improvements, the fundamental challenge of numerical methods for power system
dynamics remains. It stems from the requirement to evaluate many (very) small time steps in
order to provide results of acceptable accuracy. For a typical step size of 1 ms, the simulation of
a dynamic response over a few seconds quickly entails thousands of time steps and even more
internal function evaluations. The use of High-Perfomance Computing (HPC) clusters becomes a
necessity for large grids as [24] highlights. Due to this computational burden, data-driven methods
and Machine Learning (ML) have increasingly become a focal area of power system research [25].
Whereas the aim of these methods is often to circumvent TDSs for stability assessment, our goal
will be to use ML to develop methods and tools to accelerate TDSs.

In that context, an entirely different approach to solving differential equations was proposed by
Raissi, Perdikaris and Karniadakis in [26]. They utilise so-called Physics-Informed Neural Networks
(PINNs) to learn the solution to a Partial Differential Equation (PDE), a form of differential
equations often encountered in fluid dynamics. In the presented cases, the method eliminates the
need for a time-stepping scheme and provides a continuous solution approximation; both are highly
desirable solution characteristics. The authors in [27] adopt PINNs for the solution of a power
system related ODE. Their results suggest a great potential for accelerating the solution of such
ODEs while maintaining high accuracy. As the work in [27] considered the dynamics of a single
machine, the question of the scalability of PINNs naturally arises. To be a direct alternative to
established solvers for TDSs, i.e., to confirm the scalability of PINNs, it should be possible to
simulate the dynamic response for a system with hundreds or thousands of dynamic components.
The research gap, that we address in this work, is the need to understand if and how PINNs, as a
modelling approach, can be utilised in the power system context for TDSs, i.e., understand the
scalability of PINNs.

In fact, this research gap extends beyond the field of power systems. Before we can answer the
question of the scalability of PINNs, we require a deeper understanding of solving a small system
of ODEs with PINNs in the first place. PINNs have been applied to many problems involving
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differential equations as [28]–[30] review. However, the test cases are predominantly governed
by PDEs. ODEs, which are a special form of PDEs, have rarely been investigated as such. The
mentioned reviews often treat them in unison as “ODE / PDE”. This stands in stark contrast to
the field of numerical analysis, where a distinction is made between ODEs and PDEs, see e.g., in
[12]. Moreover, the study of non-linear dynamical systems and chaos, see e.g., [31], is primarily
devoted to ODEs. By restricting the view to, only in some sense, the simpler form (ODEs) of
differential equations, the development of problem-specific numerical methods is enabled. So-called
symplectic solvers, for example, can ensure that the solution obeys conservation laws in dynamical
systems. Including such insights and concepts in learning problems improves the outcomes as
[32], [33] show. The cases where PINNs were applied to ODEs mostly concern the identification
of system parameters. The topic of these studies are dynamics related to epidemiology, e.g., of
COVID-19 [34]–[39], control problems [40], [41], and chemical kinetics [42]–[45]. The motivation
for the last group of works originates in the stiffness of the ODEs that govern chemical kinetics.
Stiff ODEs arise when the time-scales of the dynamics vary significantly and their solution requires
specific solvers or solution schemes. Building understanding of how such characteristics influence the
solution process when using PINNs, brings us back to the need to investigate PINNs specifically for
ODEs in more detail. The alignment of this investigation with ODE-tailored numerical approaches
could also be a key to enable scalability.

1.3 Research directions

Based on the research gaps identified in the previous section, we define two research directions
(RD) that we will pursue in this thesis.

RD 1 PINNs as a modelling approach for dynamical systems
This RD focuses on the development of a thorough understanding of the methodological
proposition that PINNs offer for solving ODEs. This includes placing the problem formulation
in the context of dynamical systems that are governed by ODEs. We will use a simple
dynamical system (a single machine) to ease the interpretability and the visualisation of the
system and the learned solutions. The aim is to build a solid understanding that enables us
to proceed to addressing the scalability of PINNs.

RD 2 PINNs for TDSs in multi-machine power systems
With this RD, we target the application of PINNs to TDSs for multi-machine systems. The
methodological characteristics that determine the scalability need to be identified. Ultimately,
the goal is extending the region of applicable models, i.e., a complementary use of PINNs and
established (scalable) numerical solution schemes. By recognising their respective strengths,
it shall be investigated how each solution method is best applied, potentially in conjunction
in hybrid schemes.

1.4 Scientific contributions

This thesis pursues the goal of enabling the scalability of PINNs to be used for TDSs of power
system dynamics. The acceleration of numerical methods for large-scale power system computations
is an increasingly important enabler for an efficient energy transition. Adopting ML approaches to
solve differential equations underlying these computations offers promising complementary (if not
alternative) opportunities to the well established numerical methods.
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Towards RD1, we provide a comprehensive investigation of PINNs for approximating the solution
to a system of ODEs; this constitutes a forward problem. To the best of the author’s knowledge,
we are the first to introduce the framing of PINNs as flow approximators for dynamical systems.
Instead of learning single trajectories of the dynamical system as in [27], we train PINNs for a range
of initial conditions – we move from a trajectory approximation to a flow approximation. This
view closely links to conventional numerics and approximation schemes. To separate the learning
outcome from the choice of the ODE formulation and the scale of the dynamic states, we propose
the use of a dimensionless state that incorporates the characteristics of the associated state space.
Subsequently, we provide an overview of approaches to include domain knowledge of the dynamical
system into the learning algorithm and propose two additional techniques. The first centres around
an additional loss terms based on simulated data points – we call it the “dt-loss” and the resulting
Neural Networks (NNs) “dtNNs”. It penalises learned solutions that do not follow the governing
ODEs around the simulated data points. The second extends implicit Runge-Kutta (IRK)-PINNs,
as proposed in [26], from a discrete-in-time method to a continuous setting.

Furthermore, we consider the corresponding inverse problem, i.e., finding the parametrisation of
the dynamical system based on data points. Drawing parallels from the statistics literature, we
provide interpretations for and contrast the use of PINNs [26] and Bayesian Physics-Informed
Neural Networks (BPINNs) [46] as Maximum Likelihood Estimators (MLEs) and Maximum a
Posteriori Estimators (MAPEs) for the given parameter estimation task. Adopting a probabilistic
viewpoint on the learning problem, enables us to provide an interpretation of the weighting factor
αc between the data-based loss and the physics-based loss, commonly used in the forward problem.

With respect to RD2, we demonstrate the numerical characteristics such as speed and accuracy on
a 9, 11, and 39-bus system with 3, 4, and 10 synchronous machines, respectively. While being fast
when evaluating the prediction, the required training of PINNs poses a substantial computational
burden. We assess the overall computational cost by adopting the view from economics as variable
(run-time or evaluation) and fixed (up-front or training) cost. To be a viable method from a
computational cost perspective, a significantly large number of evaluations of the learned setup is
required. We identify that the high dimensionality found in power systems poses a major barrier
to broadly applying PINNs to TDSs with the current learning setup. To overcome this issue of
scalability, we propose PINNSim, a novel algorithm for the simulation of power system dynamics.
The algorithm utilises a separate PINN for each dynamic component and interleaves them with
each other with a conventional root-finding algorithm. It allows benefiting from the advantages of
PINNs found in RD1, i.e., providing fast and accurate flow approximations. We demonstrate that
the proposed algorithm can achieve large time steps while being accurate and simple to implement.
Thereby, PINNSim presents a modular solution approach that conceptually offers the potential for
a scalable and fast simulator of power system dynamics.

Modelling in the context of power system dynamics needs to always consider being applied in a
safety-critical environment; it becomes a question of “trust” into the modelling approach and the
question naturally arises with ML-based methods. We, therefore, provide a reflection on the use of
ML in the context of power system dynamics. As ML constitutes a very broad modelling approach,
we suggest a classification of modelling approaches to better judge the expectations in terms of
trust. Aligned with the illustration in Figure 1.1, the distinction becomes whether an ML-based
approach aims at accelerating model solutions, identifying more useful models, or both at the same
time. We describe challenges and opportunities of these approaches and the implications for trust.
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1.5 Thesis organisation

The structure of this thesis follows the two research directions. Part I looks at PINNs from a
methodological point of view with a focus on the ML setting and the analysis of PINNs as a
numerical method for dynamical systems. Chapter 2 provides the modelling context by introducing
important concepts and terminology. Based on these, we formulate the problem of solving ODEs
and give a brief introduction into the relevant concepts of ML and numerics. In Chapter 3, we treat
the forward problem, i.e., solving the governing ODEs. It focuses on what it means to learn such
a solution, called flow, and how we can incorporate domain knowledge into the learning process.
The aim of this chapter is to provide a deep understanding of the methodological proposition of
PINNs as it forms the basis for the subsequent chapters. Chapter 4 then focuses on using PINNs
and BPINNs for the inverse problem, i.e., finding a parametrisation of the ODEs that explains the
observations. This chapter also adopts a probabilistic view on ML that proves helpful to understand
ML as an inherently probabilistic method. In Chapters 3 and 4, we review the relevant literature
at the end of each chapter to enable us to better compare PINNs with other methods.

Part II proceeds with the question of how PINNs can be used for TDSs of power system dynamics.
After laying out the fundamentals of TDSs in power systems and reviewing current approaches in
Chapter 5, we proceed with applying PINNs to multi-machine systems in Chapter 6. We identify
the challenge of the “curse of dimensionality” and analyse the implications for learning-based
methods. Following this analysis, in Chapter 7, we propose a hybrid solution approach named
PINNSim that allows the integration of PINNs for individual machines into a conventional solution
algorithm.

In an attempt to contribute with insights on the nascent research field of ML in power systems,
Part III takes a step back to summarise learnings and reflections on the topic. Considering the
safety-critical nature of power systems, large parts of the works in this thesis are motivated by the
need to understand and potentially trust an ML-based approach to be employed in this context.
To that end, Chapter 8 discusses some implications this need for “trust” in ML methods entails.
We conclude in Chapter 9 and provide a brief outlook on future work.

The appendices provide additional information about the implementation and details about the
training setup. Furthermore, we present additional results and provide the derivations for the
formulations discussed in Chapter 4. An overview of the used notation can be found at the beginning
of this thesis.
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CHAPTER 2
Preliminaries: ODEs and ML

This thesis sits at the interface of three domains: Power systems, Machine Learning (ML), and
numerics for Ordinary Differential Equations (ODEs). We will cover the power system aspect
mostly in Part II. The methodological insights that we present in Part I, however, will be crucial to
address the applicability and scalability of Physics-Informed Neural Networks (PINNs) to large-scale
power systems. In the interest of a clear language throughout the remainder of this thesis, we
will first provide an intuition of important concepts in the modelling context (Section 2.1). We
then introduce the formulation of ODEs and numerical solution approaches (Section 2.2) before
proceeding to a brief presentation of the relevant concepts from ML (Section 2.3).

2.1 Modelling – striving for generalisation

The following descriptions and the terminology are mainly based on [47]–[50]. They go into
significantly more detail regarding these terms and provide more rigorous definitions. For the
purpose of a concise description of ideas and observations in this thesis, the following concentrates
on providing an intuitive understanding of fundamental modelling concepts. As this attempt will
inevitably neglect subtleties that are present, we try to provide clarifications and references whenever
the intuitive idea becomes imprecise.

Modelling can, on an abstract level, be seen as suggesting models that provide explanations for the
relation between inputs X and outputs Y 1. X and Y form the experience E on which we want to
base the model and they can stem from observations or another model which then forms ground
truth. This setup is illustrated in Figure 2.1. The model can state the necessary calculations for

Model

Reality / Ground truthInput X Output Y

≈

Figure 2.1: Illustration that views models as an approximation of the mapping between input X
and output Y governed by reality or a ground truth model.

how to transform inputs X into outputs Y explicitly by a series of computations like additions,
multiplications, etc., or implicitly by defining what relations the mapping between X and Y needs
to satisfy. The task T , which we try to solve, is to uncover how the relation between inputs and

1The notion of input and output implies a causality to determine which is which; such questions are left aside.
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outputs can be described with the goal to understand and predict the present interactions. To
assess how well a model expresses the mapping, we need to define a performance metric P.

We assume that there is an optimal performance P∗, which we consider being associated with the
best model. To construct a model, we choose a hypothesis class hθ that provides the structure
of the model and by specifying the parameters θ we obtain a model, the best model uses the
best parameter set θ∗. Potential structures of the model are polynomial functions, trigonometric
functions, differential equations, Neural Networks (NNs), etc. Depending on the choice of parameters,
a certain hypothesis class hθ can result in different performances. This leads to a distribution
of model performances for the different hypothesis classes as we illustrate in Figure 2.2. Some

P∗
Performance P

Figure 2.2: Distribution of model performances for different hypothesis classes hθ. A narrow
distribution corresponds to low variance (red and blue), the distance to the optimal performance
P∗ illustrates the model bias.

hypothesis classes will have very little variance in the distribution of the performance P, given
a credible choice of parameters. This is ideal, if the mean of the distribution centres around the
optimal performance P∗ as it is the case for the red distribution. However, it can happen that
the variance is low but that we observe a significant bias (blue). On the other hand, there are
hypothesis classes that lead to a distribution with high variance but low bias. For these models,
parameter sets exist that yield a performance close to the optimal one, but other parameter sets
perform badly (grey). These distributions are usually not unimodal, but much more complicated as
hinted at by the orange distribution. The effect is that there can be a good proportion of reliably
well performing models but also a significant amount of badly performing models.

What determines the kind of distribution a hypothesis class belongs to? This question leads us a few
interconnected concepts relating to representation capacity, model complexity, and generalisation.
For illustration purposes, we use the simple example of fitting a one-dimensional input variable X

to a one-dimensional output variable Y . The example is inspired by [49]. As a note of caution: The
explained concepts are much more intricate, hence, the provided intuition cannot replace detailed
analyses when encountering more difficult modelling tasks.

We assume that we are given a number of data points, i.e., pairs of X and Y , shown in Figure 2.3.
The task T is to find a model that can replicate these combinations of inputs X and outputs Y .
A standard choice of a hypothesis class are polynomials Y =

∑n
i=0 θiX

i and one of the simplest
models is assuming a linear relation between input and output, i.e., n = 1. When using the squared
error between the model prediction hθ(X) and the observed output Y as the model performance
criterion P, we can determine a set of parameters by minimising the squared errors between the
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Input X

Output Y

Figure 2.3: Dataset of observations with input X and output Y .

model and the data points. The result is shown in Figure 2.4(a). Similarly, we fit higher order
polynomials (n = 2, n = 5, n = 10) also shown in Figure 2.4. Increasing the order of the polynomial

(a) linear hθ (n = 1) (b) quadratic hθ (n = 2) (c) hθ with n = 5 (d) hθ with n = 10

Figure 2.4: Polynomials of different orders fitted to the dataset in Figure 2.3.

increases the representation capacity of hθ. This means that the higher-order polynomials can
represent more complicated functions; however much we try fitting a linear hθ, we cannot fit all
points exactly – the linear model does not have sufficient representation capacity. When choosing
n = 5 or n = 10, the polynomial can fit all points, i.e., the representation capacity is sufficient.
It is important to note that the used higher order polynomials (hypothesis classes) could also
be parametrised to resemble the linear hypothesis class by choosing θi = 0 for i > 1. But as
we optimised for P over the experience E , i.e., the given data points, we arrived at a different
parametrisation.

Which model should be chosen? To answer this question, we need new, unseen experience. From
the given points, we could only conclude that we require n ≥ 5 to exactly fit the data points. This
brings us to the question of generalisation. In Figure 2.5, we plot the function (dashed line) from
which the data points were generated, i.e., the ground truth. It is not difficult to tell, that with this
additional information, the polynomial with n = 5 would be best suited, at least in the range with
the white background; we say the model generalises well in this region. For the grey shaded areas,
the predictions are not accurate. The models of lower order underfit the trajectory, the model
with n = 10 is said to overfit. An underfitting model will have a bias in the distribution of the
performances P, it simply never can end up at P∗. The overfitting model, in contrast, has enough
representation capacity to yield models very close to the optimal value, but the performance can
have an enormous variance. In the example, the 10-th order polynomial could simply use the same
parameters as the 5-th order model while setting all others to 0, and perform much better than
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Data
n = 1
n = 2
n = 5
n = 10
True

Figure 2.5: Comparison of the different fitted polynomial models of order n = 1, 2, 5, 10 with
ground truth (dashed line).

with the shown parameters. Finding the balance between models with low variance but high bias
and models with low bias and high variance is known as the Bias Variance Trade-off (BVTO) –
this trade-off will accompany us through this thesis and the section on ML will come back to it.
We can recommend consulting [48] for more details.

Shaping the BVTO to achieve good generalisation is the key of good modelling. Providing more
data points is one way to do so, as it allows us to reduce the variance of the performance P. The
other way is to influence the effective model complexity. Without going into too great detail, the
representation capacity defines an upper limit of what a model can represent. By using so-called
inductive biases we aim to restrict this expressiveness to a level that leads to good generalisation.
For the case of the 10-th order polynomial, we want it to “behave more like a 5-th order polynomial”.
In the thesis, we will often use the term model complexity instead of effective model complexity for
brevity.

Inductive biases can take many forms as we will see later. As the name suggests, they bias the
model, i.e., the performance distribution will change, and if designed well, the resulting bias
is small whereas the reduction in variance is large. In all these considerations, we assumed a
given performance metric P, here, the squared error. When talking about generalisation, it is
implicitly with respect to a certain performance metric P. If we, for example, chose to measure
model performance by the maximum absolute error, it can change the assessment of which models
generalise well.

Coming back to the illustrative example, the true function is Y = e−0.25X sin(0.875X). In fact, it is
also the solution to the damped harmonic oscillator described by the ODE d2

dX2 Y + 0.5 d
dX Y + Y = 0

with the initial condition Y (X = 0) = 0. Here, we can very clearly see, that the number of
parameters alone is not sufficient for talking about model complexity and representation capacity.
By using trigonometric and exponential functions, the experience could be described in a model
that generalises better than the polynomial hypothesis classes. Furthermore, choosing an entirely
different hypothesis class hθ, e.g., ODEs, can yield a model description that generalises well. The
big difference is that ODEs define an implicit model that cannot directly be evaluated. The
other examples were explicit models. A few ODEs have equivalent explicit models, i.e., their
analytical solution (as in the example), but for the vast majority of ODEs this is not the case. The
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attractiveness of ODEs persists nonetheless, as they allow the description of hypothesis classes hθ

that have a great ability to generalise.

The following section introduces the formulation (modelling) of ODEs and how to solve them. The
NNs, that we introduce thereafter, constitute an explicit modelling approach, that is capable of
representing extremely difficult mappings. However, bad generalisation is always looming.

2.2 Formulation and solution of ODEs

The problems, that we consider in Part I are defined by the change of the system state x ∈ Rn

with respect to time t ∈ R as a function f : Rn 7→ Rn of the state itself, i.e., by differential
equations. The particular form where this change depends only on one variable renders it an
Ordinary Differential Equation (ODE) and when time t is this variable, the system is usually
considered a dynamical system [51] – Newtonian mechanics and the movement of objects are
proto-typical examples of dynamical systems. The particular form, when f does not change with
time constitutes an autonomous dynamical system. Whenever the system state x comprises more
than one state, i.e., n > 1, we are dealing with a system of ODEs.

d

dt
x = f (x(t)) , f : Rn 7→ Rn. (2.1)

We generally assume that f is smoothly differentiable. Under this assumption, the motion that is
defined by f will be unique for a given initial condition x0 = x(t0). This constitutes a so-called
initial value problem (IVP) and the Picard-Lindelöf-theorem assures the existence and uniqueness
of the solution, we refer to [11] for a detailed description. To obtain the path of the motion – the
trajectory x(t) – we integrate the changes over time

x(t;x0) = x0 +
∫ t

t0

f (x(τ)) dτ. (2.2)

The above trajectory describes the solution, given an initial state x0, as a function purely of time t

x(t;x0) : R 7→ Rn. (2.3)

To solve the ODE for an arbitrary initial state x0, we need to describe a function that is known as
the flow Φ [52]. By its defining property, it needs to satisfy

d

dt
Φ(x, t) = f (Φ(x, t)) , Φ(x, t) : Rn × R 7→ Rn (2.4)

Φ(x, 0) = x. (2.5)

If we evaluate the flow Φ for a particular value of time t, we obtain a so-called flow map ϕt : Rn 7→ Rn

defined as ϕt(x) = Φ(x; t). An important property of flow maps is that their composition yields
again a flow map. Hence, we can either apply a flow map with time step size h twice or the flow
map for 2h once

ϕ2h = ϕh ◦ ϕh. (2.6)

This also entails that applying a flow map can be reversed by applying a time step of −h

ϕ0 = ϕ−h ◦ ϕh. (2.7)



16 CHAPTER 2. PRELIMINARIES: ODES AND ML

Solving the above equations analytically, that is finding an explicit expression for the flow Φ or a
flow map ϕt, is only possible for a fraction of relevant cases. Exponential growth and harmonic
oscillation are such cases. Usually, we are forced to rely on approximations. As we inevitably loose
some key properties of flows and flow maps, we are interested in approximations that keep these
inaccuracies in balance. This constitutes the key objective of designing numerical methods.

The approximation of the flow, of a flow map, or of a trajectory – we consider it the (inaccurate)
solution – of ODEs solves the forward problem. When we observe instances of a flow or a trajectory
and aim to reconstruct f , we solve the inverse problem.

The following subsections present a brief overview over fundamental concepts in numerics, in
particular of the Runge-Kutta (RK) schemes, for more detailed and comprehensive descriptions we
refer to [12], [52]–[55].

2.2.1 Taylor series

A central idea to numerical methods is the approximation of a function by a series of other (“simpler”)
functions. The Taylor series is an important example, see, e.g., [11], [12]. It approximates a function
f(x) on the interval [a, b] by an infinite series of polynomials. The coefficients of these polynomials
are based on the n-th derivative f (n)(a) of the function f with respect to its input x evaluated at
the point a (the 0-th derivative is simply the function itself)

f(x) =
∞∑

n=0

fn(a)
n! (x− a)n (2.8)

In practice, we truncate this series, i.e., only consider terms up to order n = r; the truncated series
is not equal to f(x) any more, it becomes an approximation. Instead of using powers of (x− a), i.e.,
polynomials, as the basis function, one can apply a similar idea but with different basis functions.
The use of the trigonometric functions sin and cos, for example, leads to the Fourier series. As a
consequence of the change of the basis functions, determining the coefficients requires a different
procedure. The choice of the basis function is important, as the accuracy of the approximation will
depend on it when only a finite number of terms r is used.

For functions operating on vectors, a similar expansion can be applied, but now we have to consider
all interactions of the vector elements. It results in the need to compute the gradient, then the
Jacobian, and then all higher order partial derivatives. This leads to a steep increase in the number
of terms for higher order approximations. For this reason, the Taylor series, that we encounter in
this thesis, often do not exceed order two.

2.2.2 Runge-Kutta (RK) schemes

The following introduces Runge-Kutta (RK) schemes, an important class of numerical integration
schemes. The description in [12] provides an excellent introduction to this topic; the following
summarises its key aspects that are of importance for this thesis.

When evaluating the integral (2.2) between t0 and t = t0 + h, where h represents a time step, we
usually have the calculation of an area under the function in mind, know also as quadrature. An
approximation of this area can be obtained by summing up small segments within the time step as
depicted in Figure 2.6. This is known as a Riemann-sum. When we change the number of segments
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t0 t0 + h t0 t0 + h t0 t0 + h

Figure 2.6: Riemann-sum for different number of segments (their location is indicated by the red
dots) and different weightings, i.e., the rectangles’ width.

and their placement within the interval, the value of the sum changes. By increasing the number of
segments and calculating their sum, we can formulate a mathematical series. The limit value of this
series defines the value of the integral, it is called a Riemann-integral. Efficient quadrature rules
aim to use as few sections or function evaluations as possible for an accurate estimate of the value
of the integral. This leads, for example, to trapezoidal integration or Simpson’s rule. Gaussian
quadrature describes the best approximation of the area given ν nodes by defining their location
and relative weight.

Based on this idea of quadrature, we can approximate (2.2) by evaluating f at ν nodes that are
placed at t0 +cj , where cj is usually in [0, h]. The resulting values are weighted with bj and summed
up

x(t0 + h) ≈ x(t0) + h

ν∑
j=1

bjf (t0 + cjh,x(t0 + cjh)) . (2.9)

However, to evaluate the above, we need to know values of f (x(t0 + cjh)) at the nodes. By using
an approximation x(t0 + cjh) ≈ kj with kj ∈ Rn for each of the nodes, often called stage, we arrive
at the so-called Runge-Kutta (RK) methods. They systematically describe how to obtain the stages
kj as a combination of other stages and the initial condition

kj = x(t0) + h

ν∑
i=1

aj,if
(
t0 + cih,ki

)
. (2.10)

The parameters in (2.9) and (2.10) are summarised as

A =


a1,1 . . . a1,ν

...
. . .

...

aν,1 . . . aν,ν

 , b =


b1
...

bν

 , c =


c1
...

cν

 . (2.11)

In principle, these parameters A, b, c could be chosen independently, however, the resulting
quadrature will not necessarily be accurate. In the following, we will describe the implications that
the choice has on the characteristics of the resulting RK scheme.
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Common RK schemes – explicit and implict

The major distinction of RK scheme can be made by how A is populated: If the matrix has a strictly
lower-triangular shape (zeros on the diagonal and above), each stage can be explicitly evaluated.
The first stage k1 equals the initial condition x(t0), the second one k2 can only depend on x(t0) and
k1, and so on. These are explicit Runge-Kutta (ERK) schemes as each stage is formulated explicitly
as a function of the previous stages. To predict x(t0 + h), we evaluate (2.9) with x(t0 + cjh) ≈ kj .
In contrast, implicit Runge-Kutta (IRK) schemes do not impose restrictions on A, but they result
in a system of ν implicit equations. To obtain the values of the stages ki, we need to solve this
system of implicit equations, which usually is non-linear. When solved, we can evaluate (2.9) in
order to predict the state at the end of the time step.

The values of A, b, c are often displayed in a so-called Butcher tableau, its structure is shown
below to the left. Four relevant schemes, that we will employ are the Forward-Euler (FE) scheme,
the Midpoint scheme, the 4th-order Runge-Kutta (RK4) scheme (often consider the RK scheme),
and the Trapezoidal rule (the only IRK scheme of the four), their parameters are shown below.

Butcher tableau

c A

b⊤

Forward Euler

0

1

Midpoint

0
1
2

1
2

0 1

RK4

0
1
2

1
2

1
2 0 1

2

1 0 0 1
1
6

1
3

1
3

1
6

Trapezoidal

0 0 0

1 1
2

1
2

1
2

1
2

Speed

For considering the evaluation speed of RK methods, we have to distinguish between explicit and
implicit methods. The evaluation of ERK schemes depends mainly on the number of stages ν as
this determines how often f is evaluated. Slight variations can occur in relation to how many
zeros are present in the Butcher tableau. For IRK schemes, the evaluation time depends on how
fast the system of implicit equations can be solved. Typical solution schemes are based on the
Newton-Raphson algorithm and its adaptations to improve the computational speed, see, e.g., [12].
The significant cost of solving large systems of implicit equations explains why IRK schemes with
many stages are rarely encountered.

Accuracy – local approximation error and consistency

The other important property is the local truncation error. By using Taylor series expansions
for kj and substituting them in Equation (2.9), a large expression as a function of the step size
h can be formed. By collecting all terms of a common order of h, i.e., the terms with the same
exponent, and comparing them with a Taylor series expansion of the left-hand side of (2.9), one
can derive conditions for the parameters A, b, c that lead to the RK scheme matching the Taylor
series. When the coefficient on the left-hand and right-hand side of this expansion match for all
terms h1, . . . , hp up to power p, the local truncation error will be of order O(hp+1). The scheme is
said to be of order p. Up to ν = 4, we can find parametrisations that yield p = ν, for p = 5 we
require ν = 6, and it becomes increasingly difficult to achieve higher orders, i.e., we need larger
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ν. For a subclass of IRK schemes, called Gauss-Legendre methods, one can prove that they are of
order p = 2ν, i.e., their errors are significantly smaller for the same number of stages compared to
ERK schemes. This superior accuracy is traded against the increased evaluation cost due to the
solution of the system of implicit equations. An important, even necessary, property for practical
numerical scheme is consistency. It requires that the local truncation error approaches 0 when the
time step size h approaches 0.

Usually, the time intervals, that we aim to evaluate, cannot be approximated in a single time step
h due to insufficient accuracy. Instead, we apply a time-stepping procedure that splits the time
interval into many small time steps that are in turn approximated with a RK scheme. It relates
back to the possibility to compose flow maps. As each step has a local approximation error, these
errors will compound and lead to a global approximation error at the end of the time interval.

Numerical stability

Numerical stability is a property, which becomes important when it is absent. This can occur
for example for stiff ODEs. These ODEs contain state variations that settle at very different
time-scales, e.g., within milliseconds and minutes. If the fast variations decay quickly and do not
influence the slow variations (analytically), a numerical method should reproduce this behaviour.
However, numerical instability arises from the fact, that any computation on a computer has
round-off errors because we have limited precision, well explained in [12, p.54]. This error is usually
not a concern when we evaluate functions once or twice. But for repeated evaluations, even an
initially tiny round-off error can lead to an exponentially growing error – this is numerical instability.
Whether this occurs or not, depends on the used numerical scheme and the ODE. IRK schemes can
be designed to generally avoid this behaviour, i.e., the method is said to be A-stable, whereas ERK
schemes can only rely on using small enough step sizes such that the error is “damped” sufficiently
(this is not related to accuracy). The interested reader is referred to [12] and references therein for
more details on stability, in particular when it comes to stability of numerical methods applied to
non-linear systems. For this thesis, though, the existence of the issue of numerical (in)stability is of
importance, as it is a common driver for the choice of an integration method.

2.2.3 RK methods as a model for the flow Φ of an ODE

We want to (very explicitly) highlight the following interpretation of RK schemes as a model for the
flow Φ, i.e., for an ODE solution. This view is inspired by [52], where the author describes the goal
of RK methods as producing a family of approximate flow mappings depending on h. Adopting
this perspective will become useful when we compare numerical integration methods with PINNs
as alternative model of the flow.

To this end, we adopt the generic modelling structure shown in Figure 2.1. When applied to ERK
and IRK schemes, we obtain Figure 2.7. The inputs in the context of modelling ODEs are time t

and the initial condition x0 and the output is the state x after a time step h = t. A RK scheme
becomes a model for the relation between inputs and outputs that is described by an ODE. The
hypothesis class hθ for RK methods consists of (2.9) and (2.10) and the parameters θ are A, b, c.
In contrast to other modelling approach, we determine the parameters θ = A, b, c not based on
any experience E , but directly based on the original ODE model.

The ability of this model to generalise can be analysed by the obtained accuracy of the particular
RK method. Unlike many other modelling endeavours, we can describe generalisation well, as we
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ERK scheme hθ
ERK

(2.9), (2.10)

ODEt,x(t0) x

≈

(a) ERK scheme

IRK scheme hθ
IRK

(2.10)

ODEt,x(t0) x

k̂
(2.9)

≈

(b) IRK scheme

Figure 2.7: Explicit and implicit RK schemes from a modelling perspective.

can express the order of the local truncation error as a function of h. Hence, the model’s capacity
to generalise depends directly on the time step size h but not directly on the initial condition
and “only” insofar on the ODE formulation as numerical stability is concerned. Still, the exact
generalisation error is unknown, as a statement like O(h2) only describes the asymptotic error.
This means that the error outside the asymptotic region is not captured and, furthermore, the
magnitude is unknown. However, the great advantage is, that by reducing h, we are guaranteed
to reduce the local approximation error if numerical consistency of the scheme is given. And,
furthermore, error approximation schemes allow for a good control of the modelling error. These
are the great assets of numerical schemes; we know that they do generalise extremely well when
used in a suitable range. For IRK schemes, we furthermore have to add the solution of the system
of implicit equations as an additional step in the modelling that can introduce errors (it could
be viewed as another model itself). For solving ODEs, RK schemes can therefore be seen as
approximation of the flow, we denote such approximations by Φ̂. The hat symbol will generally be
the notation for approximations/estimates.

There is another class of numerical methods that is widely used: multistep methods. These methods
utilise not only the current state, but incorporate previous states, i.e., the states that had to
be computed beforehand. While this approach works very well in practice, strictly speaking, it
constitutes a different modelling setup; the inputs to the hypothesis class hθ of a multistep method
are the past states along with the current state. For this reason, we do not further consider it here.
We will use one type of multistep methods (a Backward Differentiation Formula (BDF)) in Part II
as a baseline method.

2.3 Machine learning formulation

The generic ideas of modelling explained in Section 2.1 apply also to ML and our goal of the
following paragraphs is to deliver a more precise definition of some terms introduced in Section 2.1.

In the context of this work, the task T is often the solution of ODEs, i.e., finding flow approximations
Φ̂. The previous section introduced a selection of how to derive functions such as the RK-methods
that solves the task T without the need for any experience E , the definition of the ODEs is sufficient.
The performance metric P, that was implicitly aimed for, is the size of the error between the true
and the approximated flows, a relation governed by the local truncation error. The ML-based
methods in this thesis, i.e., PINN, are just another way of obtaining a candidate model that solves
the task T – the performance metric P will decide whether they are attractive to use or not.
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To specify the learning algorithm, we have to translate task T , performance metric P , and experience
E into a form that is algorithmically solvable, we need to set up a learner [47]. The chosen form is
the following optimisation problem

min
θ
L(D;θ). (2.12)

We transform the performance metric P into a so-called loss L. The two can be identical, but
more often than not this is a design choice that influences the optimisation difficulty. The second
component of a learning algorithm is the hypothesis class hθ with the adjustable parameters θ.
By evaluating the loss function L on a dataset D, in which experience E is contained, we obtain
a single objective value. It is dependent on θ and is subsequently optimised. Eventually, tThe
trained hypothesis class hθ can be used for solving the task T .

2.3.1 Dataset

The experience E provided to the learning algorithm stems from a data-generating process that
defines how the inputs X are related to the output Y . It can be split into a deterministic mapping
g and a noise term ε, that is often assumed to be normally distributed ε ∼ N (0, σ2

ε),

Y = g(X) + ε. (2.13)

The dimensionality of the involves quantities will be problem dependent, therefore, we refrain from
specifying the involved dimensions and assume one-dimensional variables for the remainder of this
section. In subsequent chapters, the dimensions of the input and output variables will be specified.

When collecting a dataset D of N samples (indexed by the superscript (i))

D : {(X(1), Y (1)), (X(2), Y (2)), . . . , (X(N), Y (N))}, (2.14)

we observe, how samples from a data-generating distribution pdata(X) relate to the output Y . This
constitutes the setting of a classic supervised learning problem as described in [48], [49].

For the most part of this thesis, we assume that σε = 0, i.e., we operate in a noise-free setting, the
data-generating process is fully deterministic. This holds whenever we treat forward problems and
the only exception is Chapter 4, in which we solve an inverse problem. Furthermore, we do have
access to the data-generating distribution pdata(X), i.e., we can define it. As we also know the
mapping g, it will be defined by the flow Φ of the ODE, the generation of the dataset is entirely in
our hands. This, for ML unusual, setting occurs, because we know the ODE model that forms the
ground truth. In effect, we are aiming to replicate a data-generating process with a model, that is
faster to evaluate than by using a conventional ODE solver.

2.3.2 Hypothesis class

The hypothesis class hθ defines how we manipulate the input X to obtain predictions Ŷ = hθ(X).
It is parametrised by the parameters θ which we adjust while learning. The hypothesis class can
take many forms, it can be as simple as a linear transformation Ŷ = A(θ)X where the matrix A(θ)
is to be learned, up to very complex NNs.

In this work, we focus on fully-connected feed-forward NNs, also known as multilayer perceptrons,
hence any reference to NNs can be assumed to be of this type. The idea behind these NNs is,



22 CHAPTER 2. PRELIMINARIES: ODES AND ML

X1

...

Xm

σ

σ

σ

...

σ

σ

σ

σ

...

σ

Y1

Y2

...

Yn

Figure 2.8: Architecture of a fully-connected feed-forward NN with two hidden layers.

first, to apply a linear transformation, defined by a weight matrix W (k) and a bias vector b(k), and
then a non-linear function σ(·). The combination of these two operations forms a hidden layer.
By repeatedly applying such hidden layers, a NN can approximate very complicated functions. In
fact, as proven early on by [56], [57], a NN with a just single hidden layer with certain non-linear
functions constitutes a universal approximator, i.e., it can approximate any continuous function to
arbitrary accuracy. In practice, however, such a NN would need to be very, very wide and finding
the appropriate parameters θ would be impractical, as [49] elaborates. By using deep NNs, i.e.,
NNs with multiple layers, we nonetheless obtain a hypothesis class hθ with a high representation
capacity.

To formalise, the NN takes the form

z(0) = X (2.15a)

z(k+1) = σ
(

W (k)z(k) + b(k)
)

k = 0, 1, ..., NL − 1 (2.15b)

hθ(X) = W (K)z(K) + b(K) (2.15c)

where the vectors z(k), represent the intermediate output values of the hidden layers. We use NL

hidden layers and z(0) simply constitutes the input. The weight matrices W (k) and bias vectors b(k)

form the adjustable parameters θ of the NN. Their size depends on the width of the hidden layer, i.e.,
the number of neurons NN . We will use the same width for all layers, hence W (k) ∈ RNN ×NN and
b(k) ∈ RNN ×1. Exceptions are W (0) ∈ RNN ×dim(X), W (NL) ∈ Rdim(Y )×NN , and b(NL) ∈ Rdim(Y )×1

to account for the size of the input and output variables X and Y . For the non-linearity σ(·), also
called activation function, we use the hyperbolic tangent σ(x) = tanh(x), its output is bounded
within [−1; 1] and it is continuously differentiable. Other popular choices are the Rectified Linear
Unit (ReLU) and the sigmoid function, see, e.g., [49] for more explanations. The output of the NN
will be another linear transformation but without applying a activation function so that we can
predict any real number. Figure 2.8 shows a schematic representation of such a NN (here with
X ∈ Rm and Y ∈ Rn).

This type of NN is a very generic and powerful hypothesis class hθ, but it is also one of the most
basic ones – we discuss the implications in Section 2.3.7. This has prompted the development of an
entire zoo of hypothesis classes. Prominent ones are Convolutional NNs (CNNs)[58], Recurrent NNs
(RNN) [59], and Graph NNs (GNNs) [60], we refer to [49] for a wider and more in-depth overview.
Their development is driven by task specific properties that can be integrated in the hypothesis
class. The use of the term hypothesis class hθ helps, in the author’s view, to abstract from a specific
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NN architecture. It encapsulated the idea to define a model structure that determines how the
trainable parameters shall influence the model’s behaviour. It is analogous to using a polynomial
function of a certain order, it defines hθ, with a set of coefficients, the parameters θ.

2.3.3 Loss function

In order to train a NN, i.e., adjusting the parameters θ of the chosen hypothesis class hθ, we
formulate an objective function that we can optimise. This loss function L should be chosen such
that the optimisation is efficient and progressing well, while also giving a good performance P
on the task T – the two are not necessarily the same. For regression problems, i.e., predicting a
continuous value, we measure the difference between the prediction hθ(X) and the target Y by a
norm ∥·∥ and average it over all points in the dataset D

L(θ;D) = 1
|D|

|D|∑
i=1

∥∥∥Y (i) − hθ(X(i))
∥∥∥ (2.16)

A standard loss function is the mean-squared error (MSE) which we obtain when choosing the
squared L2-norm in (2.16). Other choices, such as the L1-norm are possible, for regression tasks
though, the L2-norm is the common choice, we elaborate on this in Section 3.3.

One can modify this loss function by adding other terms. The most well-known examples of
such regularisations are the ridge-regularisation and LASSO-regularisation which penalise large
parameters and the non-zero parameter count, see, e.g., [48] for more details.

2.3.4 Optimisation algorithms

The optimisation of the loss function L poses a very high-dimensional and highly non-linear
optimisation problem, given that even a simple NN can easily have thousands of parameters. To
find well-performing parameter sets, a variety of optimisation algorithms have been developed
based on an iterative procedure. In its simplest form, the parameters are iteratively updated using
the gradient information ∇θL = ∂

∂θL of the loss function with respect to the parameters θ scaled
by the step size α

θ(k+1) = θ(k) − α∇θL. (2.17)

By repeatedly applying these gradient descent steps, we ideally converge, but generally we do not
expect to find a global minimum. We refer to one update / iteration as an epoch.

The formulation of the gradient descent is based on a Taylor series expansion, here applied to
the loss function L. In principle, we can also use higher order derivatives to get a better local
approximation of the loss function. This becomes prohibitively expensive though, once the number
of parameters increases significantly as the size of the Hessian scales with |θ|2. However, even an
approximation of the Hessian can be of substantial help for reducing the loss faster, i.e., learning
faster. The Limited Memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) optimiser (see, e.g.,
[49], [61] for a description), that we use in this work, is centred around this idea.

One of the most widely optimisers, named Adam [62], incorporates the curvature information of
the loss function, i.e., the Hessian, by updating a momentum variable throughout the optimisation
process. It is furthermore often applied to a subset of the dataset, which leads to a stochastic
gradient descent (SGD) procedure.
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2.3.5 Model selection and assessment

As described in [49, Ch. 8], learning differs from pure optimisation. The pure optimisation of
the loss L over a training dataset DTrain does not necessarily lead to a good performance P, the
ultimate objective of the learning process. A hypothesis class hθ with a high representational
capacity, such as NNs with sufficiently many layers and neurons, could easily fit all data point in
DTrain, i.e., L = 0. The prediction for an unseen data point, however, might have a high error. The
expectation of this value is called the test error or generalisation error

ErrD = E[L(Y, hθ(X))|DTrain] (2.18)

and it is conditional on the particular dataset D that the model was trained on. By formulation the
expectation of this value over multiple datasets, we obtain an expected prediction error or expected
test error

Err = E[L (Y, hθ(X))] = E[ErrD]. (2.19)

In the learning process, we estimate the generalisation error by calculating the loss on a separate
dataset, the validation dataset DValidation. When this estimate, i.e., L (DValidation), begins to
increase during training, it indicates the onset of overfitting. By stopping the training at the
lowest value, we implicitly select the model that supposedly generalises best. This concept of
model selection extends also to other parameters that influence the ability to generalise, such as
the size of the NN or optimiser parameters; the term hyperparameter tuning is usually used in
ML to refer to this selection of hyperparameters, i.e., the parameters apart from θ, that yield the
best generalisation error. However, this process will introduce a bias as the model selection is
conditional on the used validation dataset. To assess the model performance, i.e., conduct the
model assessment, we need a separate test dataset DTest. It is important that the test dataset DTest

has not been used in the model training or selection to not compromise the estimate. For this
reason, we perform a split of the dataset into training, validation, and test dataset, a typical split is,
e.g., 60%/20%/20%. If the resulting datasets become too small, techniques such as cross-validation
can be employed to improve the statistical significance of the estimates, we refer to [48] for details.
Such techniques will not be employed in this thesis as we can simulate sufficiently large datasets, in
particular for model assessment with the test dataset DTest. The statistical arguments that can
be derived from this process of model selection and assessment assume that the data-generating
distribution pdata is identical for all three datasets. We will see the implications of this assumption
in Section 3.5.2.

2.3.6 Representation capacity and the Bias Variance Trade-off (BVTO)

Given the data-generating process Y = g(X)+ε and using the squared-error loss, one can decompose
the expected prediction error for an input X = X0 (derivation as in [48, p.223])

Err(X0) = E[(Y − hθ(X0))2|X = X0] (2.20a)

= σ2
ε + [E[hθ(X0)]− g(X0)]2 + E[hθ(X0)− E[g(X0)]]2 (2.20b)

= σ2
ε + Bias2 (hθ(X0)) + Var (hθ(X0)) (2.20c)

= Irreducible Error + Bias2 + Variance (2.20d)

Apart from Chapter 3, the irreducible error will be 0 as we learn in a noise-free setting. Hence,
the error can be split into a bias-component and a variance-component. If we train models with



2.3. MACHINE LEARNING FORMULATION 25

different hypothesis classes hθ, the share of the bias and variance contribution will vary. When the
representation capacity of the hypothesis class is low, the resulting error will be dominated by bias
– recall the example in Section 2.1. If we fitted a different dataset in the same range of the input
domain, the linear model will only change slightly; this variance in the models will reduce the more
data points we sample. If, on the other hand, a hypothesis class has a high representation capacity,
the error will be variance dominated; there is a wide range of 10-th order models that could fit the
points. When we aim for a model that generalises well, we implicitly search for a model that has
the optimal amount of representation capacity for a task. This idea is illustrated in Figure 2.9 and
constitutes the BVTO. For a more detailed description, we recommend consulting [48], [49].

Optimal capcity Representation capcity
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o
r
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Figure 2.9: Schematic illustration of the Bias-Variance-Trade-off (BVTO), adapted from [49]

It should be mentioned that this view at the BVTO comes from the statistical learning perspective.
The ever-increasing model complexity in deep learning would suggest that we should observe heavily
overparametrised and hence overfitted models due to the variance. In practice, understanding
generalisation appears to be much more difficult. We will not go into such learning-theoretical
depth (the used models are anyway very shallow), but refer the interested reader to works on this
topic [63], [64].

2.3.7 Inductive biases

The key to good generalisation in ML is introducing biases into the learning process that make it
more likely that the learning algorithm arrives at a model that generalises well beyond the training
dataset it has seen. This knowledge often originates from our experience – we know that rotating a
picture usually does not change what is depicted – we get fooled or surprised when it actually does.
The art of designing learning algorithms is to include such knowledge while not explicitly expressing
every possible rule. From the problem formulation it is clear, that we can incorporate such domain
knowledge in four ways: In 1) the hypothesis class hθ, 2) the loss function L, 3) the dataset D 4)
the optimisation algorithm. The approaches can be summarised as designing inductive biases.

Ideally, we understand the effect of these biases, but there are also instances, where we observe a
positive effect, i.e., a desired bias, without knowing exactly why it occurs. Regularisation is a well
known inductive bias, that e.g., biases the model towards fewer parameters or smaller parameters.
As mentioned before, the hypothesis class also has a great effect, Convolutional NNs (CNNs), for
instance, help to obtain models that can deal with translation and rotation of pictures. Optimisers
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are known to have inductive biases, e.g., stochastic-gradient descent, they are much less understood
though, see, e.g., [65].

The idea of physics-informed ML, and in a broader sense of Scientific Machine Learning (SciML)
(see, e.g., [28], [66]) is, that physical models and scientific computing methods provide a lot of
knowledge that generalises very well, hence we should strive to incorporate it. The works in
[26], [67] constitute the two landmark papers for the solution of differential equations. The term
Physics-Informed Neural Network (PINN), termed by the authors in [26], is often used in the
context of using differential equations in the loss function. However, the recent literature now
investigates also hypothesis classes and dataset design in the context of learning the solutions to
differential equations. Physics-guided, physics-inspired are other used terms that can be seen as
applying inductive biases based on physical knowledge, or more specifically, information stemming
from the differential equations.

2.3.8 Automatic differentiation (AD)

Many calculations in ML require the evaluation of gradients. The use of Automatic Differentiation
(AD) for evaluating them has become a key enabler for training complex ML models. Modern ML
frameworks such as PyTorch [68], TensorFlow [69], JAX [70], or Flux.jl [71], [72] implement AD as
a central element. We refer to [73] for a detailed survey and explanation.

The fundamental idea is that a complex computation, such as evaluating a NN, can be expressed
as a series of fundamental operations, e.g., additions, multiplications, or trigonometric functions.
Their order and combination can be represented as a directed graph, the computational graph. In a
forward pass, we start from the inputs and then step by step compute the elements in the graph.
Importantly, we store not only the output but also intermediate values. By then reversing the
direction of the graph, we can compute the derivate of the output(s) with respect to the input(s).
For these computations we need to know the intermediate values and how to calculate the derivative
of the fundamental operations. Essentially, it is the repeated application of the chain-rule. The
basic implementation corresponds to back-propagation, however, by taking advantage of the graph
structure, the calculations can be optimised in terms of speed and required memory storage. This
is referred to as reverse-mode AD. For some calculations the forward-mode AD is beneficial, as the
number of passes through the graph can vary. For the calculation of the loss in the forward pass,
we need to evaluate the graph once. To then calculate the derivative of the loss with respect to the
parameters θ, we only need a single reverse pass, which allows the scalability to learning problems
with large number of parameters.

In contrast to numerical differentiation, AD is exact, as it does not require a discretisation interval.
But it is also not symbolic differentiation, which allows the evaluation of the derivative without
knowing the function value, i.e., no forward pass is necessary. Loosely speaking, with AD we
evaluate an expression for the derivative that is locally exact.



CHAPTER 3
PINNs for forward problems

As motivated in Chapter 1, the power system can be described to great detail by large systems of
Ordinary Differential Equations (ODEs). The used numerical methods are tailored to this type
of differential equations and their particular structure. To achieve scalability of Physics-Informed
Neural Networks (PINNs), it is of paramount importance to understand how this special functional
form impacts the learning process and how it can be used to our advantage. As PINNs, so far,
have been investigated pre-dominantly in the context of Partial Differential Equations (PDEs),
we identify the need for an in-depth analysis of learning the solutions to ODEs. Therefore, this
chapter centres around the learning task T of approximating the flow Φ of a dynamical system.
The flow describes the solution to the governing ODEs for different initial conditions x0 and its
approximation constitutes a solution to the forward problem. Flow approximators are central to
the simulation of power system dynamics as they form the “atomic basis” on which multi-machine
simulators are build. Hence, the insights from this chapter will be crucial for the goal of scaling
PINNs to multi-machine systems in Part II.

In Section 3.1, we begin with an illustration of the dynamics that are associated with a Single-
Machine Infinite-Bus (SMIB) system, which serves as the example of a dynamical system throughout
this chapter. By comparing the PINN-based approximation of the flow Φ with other explicit
numerical approximation schemes in Section 3.2, we identify the numerical characteristics that make
PINNs attractive and further characteristics that are desirable. This leads us to the formulation of
the learning task T in Section 3.3 and the initial “physics-agnostic” approach that utilises a vanilla
Neural Network (NN) without any additional information on the governing dynamical system. In
Section 3.5, we describe several ways of incorporating domain knowledge based on the governing
ODEs, and illustrate their effects on the training outcome in Section 3.6. With these insights in
mind, we elaborate in Section 3.7 on the characteristics of the learning task itself. To this end, we
consider related approaches, potential learning setups, and the relation between ODEs and PDEs.
We conclude and present a brief outlook in Section 3.8.

3.1 The flow Φ of a Single-Machine Infinite-Bus system (SMIB)
We begin this analysis by taking a closer look at the object of study, the Single-Machine Infinite-Bus
(SMIB). In the power system context, it is a prominent setup for the dynamic analysis of components,
and it usually serves as the starting point for more detailed analyses [3]. The underlying idea is to
study the dynamics of a component that is connected to an infinite bus, i.e., a bus at which the
voltage and the frequency are constant. For the component, we use a classical generator model
that is described by the following ODEs

d

dt
x = f(t,x,u;λ) (3.1)

d

dt

[
δ

∆ω

]
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sin(δ − θ)
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27
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At this point, we do not intend to dive into the physical details of the formulation, see Section 5.1
and [4] for a description and its derivation. Instead, we lay our focus on providing a more geometric
understanding of the system. Not only will we use geometric interpretations throughout the chapter,
this viewpoint also helps to see the SMIB system as an example of a dynamical system. In fact,
(3.2) has the same structure as the ODEs associated with a non-linear pendulum, a classic example
in dynamical system literature, see, e.g., [31], in this case with a damping and a forcing term. These
dynamical systems consist of only two states, i.e., x ∈ R2, hence it allows us to easily visualise
the dynamics. For an n-dimensional state, i.e., x ∈ Rn, maintaining geometric intuition becomes
difficult, if not impossible. For this reason, we use the state space formulation (3.1) for arguments
and formulations, to the extent possible, and use the SMIB system only as an intelligible example.
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Figure 3.1: Different forms of representation of the dynamics of the SMIB system. The orange
and blue curves illustrate two examples of possible trajectories.
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To understand a dynamical system, we can plot its temporal evolution as a trajectory x(t) as
shown in Figure 3.1(a). The blue and orange trajectories originate from different initial conditions
x0. Each state is considered separately, hence, it is a visualisation easily applicable to higher
dimensional models. To understand the system characteristics though, the so-called state space
(also called phase space) gives a much deeper understanding. The states, for the SMIB they are
the rotor angle δ and the frequency deviation ∆ω, are plotted on the x and y axes. For each point
in the state space, we can then evaluate the update function f(x), we assume f to be independent
of time and with constant control input u and parameter settings λ. By drawing these vectors and
scaling them, we obtain the vectorfield in Figure 3.1(b). A trajectory can be constructed by taking
small steps along the vectors of the vectorfield. Since there is a unique vector at each point in the
state space, starting from a given state will lead to a unique trajectory1. We will subsequently use
the streamline representation of this vectorfield shown in Figure 3.1(c), as it is a bit easier to follow.
Each of the streamlines corresponds to a section of a trajectory. An important property of the here
considered ODEs is, that the streamlines never cross. In the vectorfield and the streamline plot,
time t is not directly visible. However, it is related to how fast we are moving along the trajectory.
This “speed” can also be seen by considering the length of the vectors in the vectorfield.

The flow Φ(x, t) of a dynamical system describes the evolution of states x with time. We can
visualise it by tracing single points or a set of points as in Figure 3.2. Starting from t = 0.0 s, the
points shown in (a) are propagated through the dynamical system. If we take snapshots of this
process at times t = 0.2 s and t = 0.4 s, we obtain plots (b) and (c). All three plots represent flow
maps ϕt, namely ϕ0.0, ϕ0.25, ϕ0.5. In the following our goal is to find an approximation Φ̂ to the
flow Φ which can also be viewed as a continuous set of flow map approximations ϕ̂t for ϕt.
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Figure 3.2: Flow maps ϕt of the SMIB system at t = [0.0, 0.2, 0.4] s.

In Section 2.2, we introduced the Runge-Kutta (RK) schemes as a numerical integration scheme;
the investigated PINNs constitute a class of functions comparable to these integration (flow
approximation) schemes. Hence, the RK schemes will serve as important guidance for how to view
and analyse the PINN-based flow approximation. We will cover other learning-based approaches
for flow or flow map approximations in Section 3.7.

1This holds as we are dealing with an Initial Value Problem (IVP), well-defined under the Picard-Lindelöf-Theorem,
see Section 2.2
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3.2 Characteristics of flow approximators – PINNs and ERK schemes

When it comes to applying numerical flow approximators (numerical integration schemes), we are
interested in two fundamental and critical characteristics: Properties related to their accuracy
and properties of speed. Accuracy is usually analysed in terms of numerical aspects, such as the
consistency, the stability and the convergence of a scheme2. The aspect of speed raises questions
of algorithmic complexity, but also implementation, hardware, and programming language. We
will discuss these topics in the following to demonstrate how PINNs perform in comparison to
the explicit Runge-Kutta (ERK) schemes introduced in Section 2.2. These analyses will give an
indication on desirable properties and we will show in the remainder of this chapter how we can
exploit them in the application of PINNs or encourage them in the training process.

3.2.1 Approximation accuracy

We begin by showing the accuracy as a function of the time step size h and predictor type in
Figure 3.3. The predictors are tested on a dataset stemming from simulations of the dynamics of
the SMIB system. The solid line represents the maximum absolute error and the dashed line the
median absolute error across this dataset. We consider explicit RK-based prediction schemes of
different orders in the left panels. The use of higher order ERK schemes leads to a strong reduction
of errors when the time step becomes smaller. The relation is well described by considering the local
truncation error, in our case O(h2),O(h3),O(h5), which decides upon the order of the RK-based
scheme, i.e., a first, second, and fourth order scheme. As evident from the figure and local truncation
error formulation, the error reduces when we reduce the time step size h, i.e., the schemes are
numerically consistent. The order of the error holds for both states, however, their magnitude
can be different. Their scale is implicitly given by the definition of the scale of the states and the
update function.

The accuracy characteristics of PINNs are very different. We test two variants of PINNs, their
construction will be the topic of the next sections. It illustrates that we have flexibility in PINNs to
shape their characteristics as approximators. Their main advantage is that they provide, even for
large time steps, accurate approximations. The accuracy only starts to deteriorate for points that
were beyond the training domain indicated by the vertical black dashed line. On the other hand,
for very small time step sizes the errors do not decrease (for the red version) or with O(h2). We
achieve the consistent behaviour of the latter at the expense of a slight increase of errors for larger
time steps. If we compare the errors of RK and PINN schemes in absolute terms, we can identify
ranges of advantages for one or the other. RK schemes are favourable for small h, then there is a
region where PINNs perform better, and from around 1 s neither scheme gives accurate predictions.
The region where PINNs can provide predictions with a near constant error while outperforming
the RKs schemes, is the where the opportunity of PINNs lies. That being said, the first requirement
is of course that the magnitude of the errors is acceptable for the application; if we, for instance,
require a maximum error of less than 10−6 rad for the rotor angle δ, only the higher order RK
schemes would be considered. We conclude, that there exists a “window of opportunity” for PINNs
where they outperform the RK schemes and escape the usual relationship where increasing h leads
to increasing errors. We will see that this characteristic can be shaped in the setup and training of
PINNs (see Section 3.6.4) and also extends to larger dynamical systems (see Chapter 6).

2See Section 2.2 for consistency and numerical stability. The topic of convergence of numerical integration
schemes for non-linear ODEs is beyond the scope of this thesis, we refer the interested reader to [11], [12].
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Figure 3.3: Approximation error as a function of the time step size h. The solid line represents
the maximum absolute error and the dashed line the median error on the test dataset. In the panels
to the left, we show a FE (red), Midpoint (blue), and RK4 (orange) scheme. In the right panels,
we show a Residual (red) and Residual B (orange) architecture – their definition will be explain in
Section 3.5. The black dashed line represent the maximum time step size in the training dataset.

3.2.2 Evaluation speed

The other important characteristic is evaluation speed. Obtaining reliable quantitative results of
the evaluation speed is difficult as the efficiency of the implementation and the hardware play a
significant role. In light of these dependencies, we first want to highlight that each of the above
tested methods requires only a single evaluation, a pass, to obtain the approximation. This is
the key characteristic of an explicit scheme; in an implicit scheme we need to solve the system of
implicit equations first. The evaluation time of such a pass, denoted by CP , then depends on the
approximator used and this is best analysed by considering the computational time complexity. It
describes how the computational time scales based on the most expensive operations. As for the
analysis of the local truncation error, it does not specify an exact value but indicates the governing
trend.

For RK schemes, CP = O(ν Cf ) scales with the number of RK stages ν and the evaluation cost
Cf of the update function f . We do not go further into a detailed analysis of Cf as it is highly
dependent on f . The number of states |x| is an important factor but also the involved non-linearities
and how many sequential operations we need to perform.

In contrast, the time complexity of PINNs is dependent on their architecture, in our case, the
number of layers NL and their size, i.e., the number of neurons NN . For each layer we perform a
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matrix-vector multiplication. If we assume all hidden layers to have NN neurons, we obtain the
complexity CP = O

(
(NL − 1)N2

N + 2 |x|NN

)
. The first term corresponds to the evaluations of

the hidden layers and the second term represents the impact of the input and output layer. The
former will usually be the dominating one. This means that the evaluation time of PINNs is largely
decoupled from the number of states |x| and entirely independent of f – attractive characteristics
that clearly distinguish PINNs from ERK schemes.

To illustrate the difficulty of providing and comparing absolute numbers, we show in Table 3.1 a
few examples for evaluation times. We distinguish by the used software, i.e., Python or Julia, by
the used hardware, i.e., a Central Processing Unit (CPU) or a Graphics Processing Unit (GPU),
and if we evaluate on a single or a thousand points. The reported time is the value per point for a
function evaluation f Cf , for the computational cost of a narrow PINN (NN = 32) and a wide
PINN (NN = 256), each with 4 hidden layers.

Table 3.1: Comparison of computation cost of a pass for the update function Cf , and for a narrow
and wide PINN.

Software Hardware n points Cf narrow PINN (4x32) wide PINN (4x256)
[s] [s] [s]

Python CPU 1 986 · 10−6 702 · 10−6 1785 · 10−6

1000 1.2 · 10−6 5.2 · 10−6 105 · 10−6

Python GPU 1 1013 · 10−6 1262 · 10−6 1213 · 10−6

1000 1.0 · 10−6 1.2 · 10−6 1.5 · 10−6

Julia CPU 1 0.6 · 10−6 0.9 · 10−6 190 · 10−6

A consistent trend is that the evaluation of 1000 points is significantly faster on a per-point-basis
than for a single point. This is caused by overhead in the computations and the advantages due to
vectorising operations. For the implementation in Julia, its pre-compilation allows a fast evaluation
already for a single point. The hardware also plays a role, as seen for the difference between CPU
and GPU. The latter is particularly suitable for matrix operations, hence, we see an enormous
acceleration for the wide PINNs when using a GPU for the evaluation of many points.

We conclude that in a 4th-order Runge-Kutta (RK4) scheme, i.e., ν = 4, the evaluation cost is
comparable with that of the cost of evaluating the narrow NN, which makes the latter an attractive
alternative evaluation speed-wise. However, in light of the wide range of results and the setup
dependency, we decided to primarily use the metric of passes instead of absolute times to compare
computational effort. This being said, the optimisation of the computational cost of each pass
deserves an in-depth treatment in the future as the metric of evaluation speed hinges around it.

3.3 The task T of approximating the flow Φ

In the interest of a clear description of the methodology and results, we subsequently use the
terminology introduced in Chapter 2. The formulation of the task T should be the first step of
the modelling process. For the present case, the task T is the approximation of the flow Φ for
the SMIB system with a hypothesis class hθ that can be evaluated explicitly, i.e., in a single pass.
We assess this approximation on a performance metric P, e.g., the maximum absolute error. The
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choice of this metric embodies what we care about. In numerics, bounding the maximum absolute
error is usually crucial, aiming for a low absolute error on average might still be desirable, but it is
secondary to the maximum error. We consider the task T solved when the model performance P
meets a specified requirement, e.g., the error being less than 10−3; specifying absolute or relative
error tolerances is the terminology in numerics to set the requirements. The experience E , based on
which we learn, consists of a dataset D of samples from the true flow3, i.e., without noise.

3.3.1 The domain of the task

In a first step, we restrict the input domain, on which we solve T , to a subset of the state space
x0 ∈ X0 ⊂ Rn and the time step size to the interval h ∈ [0, hmax]. This means, for example, that
we are only interested in the flow that originates from the rectangle in Figure 3.2 and for a time
step size between 0 s and 1 s. We can query the model outside of this restricted domain, but the
performance metric P will only depend on points within the input domain. This might seem
restrictive but it is not all too different from RK schemes. When deriving them, we never specify
the task T this formally. However, the performance of RK schemes is clearly dependent on the
choice of the input domain in time; the analysis of the order of the local truncation error implies
this. Therefore, we can only ensure the maximum error (a possible performance metric P) to be
less than a target value, e.g., 10−3 in Figure 3.3, by restricting the maximum allowable time step
size h. Strictly speaking, a RK scheme, therefore. also only solves the task T on a restricted input
domain. The advantage of a construction of the flow approximation like RK schemes is, that we
usually do not need to specify the allowable initial condition4. This generalisability is difficult to
achieve with a learning-based method, hence, we only aim to solve the task on the subset X0 in the
state space.

3.3.2 The learning objective - from P to L

What we learn is a design choice as we need to transform the performance metric P into an objective
function of the learning algorithm, i.e., define the loss L. In contrast to the other presented explicit
methods, we have a great flexibility in shaping this transformation. At the same time, we also
need to consider that the loss L will determine the optimisation landscape and this influences,
along with the chosen optimiser, how “easily” we can learn a solution that performs well with
respect to P. Using the maximum error across the training dataset, for example, (L∞-norm) is
not a desirable choice for gradient descent-based optimisers. The gradient would depend only on
the single point in the dataset that caused the maximum error. In the next iteration, another
point could be responsible for the maximum error. This can lead to a very inefficient optimisation
(it is of course problem dependent). Another potential choice is the L1-norm, i.e., the sum of all
absolute errors. The difficulty here arises from not factoring in the error magnitude. A prediction
with many small errors can have the same loss as a perfect prediction for all but one point. When
applying the performance metric P of the maximum absolute error, the former would clearly be
the favoured outcome. This leads to the squared L2-norm, i.e., the sum of the squared errors, a
standard choice for regression problems. It assigns a greater importance to large errors while also

3When we refer to the “true” flow or solution of an ODE, we gloss over the fact that it still originates from an
approximation-based integration scheme. However, this scheme is subject to very tight tolerances, e.g., ε = 10−12

such that the occurring errors can be considered negligible.
4As the order of the local truncation error relates to the absolute error by an unknown factor, the initial condition

can still have an impact on the fulfilment of the performance requirement. However, in practice, the adjustment of
the time step size is used to meet the desired performance rather than restricting the allowable initial conditions.
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having a favourable form for the optimisation. Furthermore, it closely links to a probabilistic view
on learning as we will explore in Chapter 4. We will subsequently use this “natural” choice of the
squared errors for the computation of L, but want to stress that other choices are possible.

When the loss L is based on a single variable, a squared error is straightforward to calculate.
However, for the case of approximating the flow of the SMIB system, we want to obtain a good
approximation of both states, i.e., δ and ∆ω, at the same time. More generally speaking, as soon as
the state variable x contains more than one state, we are faced with a multi-objective optimisation
problem

min
θ

dim(x)∑
j=1

ξj
1
|D|

|D|∑
i=1

(x(i)
j − x̂

(i)
j (θ))2 (3.3)

that shall minimise the squared difference between the approximation x̂j of the j-th state and the
target value xj . The scaling factors ξj determine how accurate the approximation of each state
shall be; their choice is critical for the resulting approximation.

To illustrate this effect, we learn PINN models for different values of ξj , in fact, what matters is the
ratio between the scaling of the two states ξ∆ω/ξδ. Figure 3.4 shows the resulting maximum absolute
errors across a collection of 20 PINNs trained with different initialisation seeds5. Importantly, we
show the maximum absolute errors, i.e., the performance metric P for each state, not the loss
value L. In the trend, a small ratio reduces the error in δ while increasing the error in ∆ω, and
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Figure 3.4: Impact of the ratio of the scaling factors ξ∆ω/ξδ on the maximum absolute errors of δ
and ∆ω. The boxplots are calculated on the basis of 20 random initialisations.

vice-versa for an increasing ratio. The resulting errors can vary by an order of magnitude which
underlines the importance of choosing an appropriate ratio. As it is also visible from the figure,
the scales of the states are very different; we can observe the same in Figure 3.3. This has no
“meaning” for the approximation schemes, however, in an application a prediction error of 0.01 rad
in δ has a markedly different significance than an error of 0.01 rad s−1 in ∆ω. Bringing in the
engineering perspective, we know appropriate scales of the states. For methods like RK schemes,

5To avoid the influence of other effects, we used here a vanilla NN. Therefore, the errors are larger than for the
PINNs shown in Figure 3.3
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we employ relative tolerances to account for these different scales when assessing errors. The choice
of the scaling factors ξj serves the same purpose, but we have to include this choice directly in the
learning formulation rather than applying it after training. Being oblivious to these aspects will
lead to unsatisfactory learned solutions. This raises the question how to choose the scaling, which
we discuss in the following.

3.3.3 Learning in a dimensionless state space

The following aims at obtaining a more generic and adaptable approach to the selection of scaling
factors ξi that ensures that the learning problem aligns with the engineering perspective. A very
helpful guideline is whether we retain a meaningful understanding of the involved quantities. To
this end, we propose the use of a dimensionless state x̃

x̃ = T (x), T : Rn 7→ Rn (3.4)

for the formulation of the learning problem. Ideally, the transformation can be derived entirely
based on the ODEs, i.e., the dynamical system’s update function f . This view is inspired by the
idea of dimensionless quantities that are used, e.g., in fluid dynamics6, for an introduction, see [74].

For the present case of learning the flow of the SMIB system, finding an appropriate scaling of the
states is the prime objective. To that end, we use the geometry of the state space to inform the
choice of T (x). For the undamped system, i.e., D = 0, Figure 3.5(a) shows the corresponding state
space. Characteristic points in this plot (and of the dynamical system) are the stable equilibrium

−180 −90 0 90 180

−1

0

1

xeq xsaddlexcr,1

xcr,2

δ [deg]

∆
ω
[H

z]

(a) Original state space

−1 0 1

−1

0

1

x̃eq x̃saddlex̃cr,1

x̃cr,2

r = 0.5
r = 1

δ̃ [-]

∆
ω̃
[-
]

(b) Dimensionless state space

Figure 3.5: Transformation between the original and the dimensionless state space.

points xeq and the saddle-node xsaddle, their values can be obtained by solving f = 0 for x. If we
followed a trajectory that originates very close to the saddle-node xsaddle, we would obtain the
dashed grey line in Figure 3.5(a). In the power systems context this defines the critical value Vcr

6In fluid dynamics, the rationale is that the dimensionless system description allows the characterisation of
phenomena based on dimensionless quantities such as the Reynolds number. A model of a wind turbine in a wind
tunnel can produce insights for the full-scale model if their Reynolds numbers (and other quantities) are matched.
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of the energy function V (x), that is commonly used in stability analyses, see, e.g., [3], [75]. For
system states that lie inside the red shaded region, the system remains stable, for values outside it
is considered unstable. Two additional characteristic “critical” points are xcr,1 and xcr,2 that mark
the extreme values of δ and ∆ω.

From the learning perspective, an error of, e.g., 0.01, in either state should have a similar effect.
An effect that we care about is whether the system is stable or not, i.e., are we inside or outside
the region bounded by the critical energy level (the red shaded area). Based on this consideration,
we choose the stable equilibrium point xeq as the origin for the dimensionless state space. The
points of the minimum rotor angle xcr,1 and the maximum frequency deviation xcr,2 form the unit
vectors. Thereby, we obtain the transformation x̃ = T (x)[

δ̃

∆ω̃

]
=
[

1
δcr,1−δeq

0
0 1

∆ωcr,2

]([
δ

∆ω

]
−

[
δeq

0

])
. (3.5)

This transformation is only well defined for δeq < π
2 . Otherwise, we obtain a singular matrix and

also physically, the stable equilibrium point is non-existent for δeq > π
2 . The inverse transformation

x = T−1 (x̃) is [
δ

∆ω

]
=
[

δeq

0

]
+
[

(δcr,1 − δeq) 0
0 ∆ωcr,2

][
δ̃

∆ω̃

]
. (3.6)

The derivation assumed the undamped system, nonetheless, we apply this transformation also to
the damped case, as the state space plots do not differ much in terms of the involved scales.

Of course, other choices of T are possible, however, the relation to the critical energy can poten-
tially be generalised to other settings. Integrating Lyapunov theory and testing this concept on
higher-order models will be future work. Furthermore, the investigation of a “full” dimensionless
formulation, that also includes time t and reduces the system parameters to the minimal number,
could become useful to generalise the learning across different values of u and λ, as they determine
the characteristics of the dynamical system.

Based on the defined transformation x̃ = T (x), we formulate a dimensionless loss Lx where all
terms are weighted equally

Lx =
|x|∑

j=1

1
|D|

|D|∑
i=1

(
T (x(i))j − T (x̂(i))j

)2
(3.7a)

= 1
|D|

|D|∑
i=1

∥∥∥x̃(i) − ˆ̃x(i)
∥∥∥2

2
(3.7b)

= 1
|D|

|D|∑
i=1

∥∥∥x(i) − x̂(i)
∥∥∥2

T,2
(3.7c)

To avoid clutter in the notation, we will prefer to use (3.7c), where the subscript T indicates that
the norm is to be calculated in the dimensionless coordinates. A further useful quantity will be the
L2-norm of a state in the dimensionless state space

r(x) = ∥x̃∥2 = ∥x∥T,2 (3.8)

which we will refer to as the radius r. Figure 3.5 shows circles with r = 1 and r = 0.5. It is
important to note that due to the non-linearity of the system, this radius does not stay constant
along a trajectory or align with the levels of the energy function7.

7A state space with concentric streamlines corresponds to an undamped harmonic oscillator that we can solve
analytically.



3.4. THE PHYSICS-AGNOSTIC APPROACH TO LEARNING Φ̂ 37

One might argue that a standardisation of the data achieves the same effect. While this is true
for the present choice, T (x) is not restricted to a standardisation and could also include non-
linearities. More importantly though, if we need to simulate a dataset D, we need to define the
appropriate range of initial conditions, i.e., X0 from the previous section, in advance. As we will
see in Section 3.5, this choice already requires the identification of the relevant region of the state
space; we essentially need to identify T (x).

To summarise, the definition of the transformation x̃ = T (x) enables us to formulate a loss function
Lx that aligns with the performance metric P in terms of the error scales. It allows us to shape
the relative errors of the different states, however, they cannot be set independently but are part of
a trade-off. This trade-off is a crucial difference to setting relative error tolerances in conventional
numerical schemes as they can be chosen independently of each other.

3.4 The physics-agnostic approach to learning Φ̂

In this section, we illustrate a first attempt at learning a flow approximation Φ̂ with a vanilla NN
without any further knowledge of the underlying ODEs – we call it “physics-agnostic” learning. The
resulting approximator will be fast and under certain conditions also sufficiently accurate – these
were the attractive approximation characteristics described in Section 3.2. These conditions relate
to the fundamental concepts of modelling explained in Chapter 2: Generalisation, representation
capacity, and the Bias Variance Trade-off (BVTO). By exploring these aspects in a physics-agnostic
setting first, i.e., taking in no information from the physical system, it becomes clearer for the
subsequent section, how “physics-informed” choices can contribute to meet the conditions for
obtaining an accurate approximator.

Task and learning specifications

The task T will be the approximation of the flow of the SMIB system on the domain

h ∈ [0, 1] (3.9)

r(x0) ≤ 1. (3.10)

The hypothesis class hθ will be a vanilla NN as defined in (2.15) with the input z(0) = [h,x⊤
0 ]⊤

and the target x̂. We will vary the number of layers NL and the number of neurons per layer
NN , which we summarise in the model complexity (see Appendix A.1). Furthermore, we simulate
datasets D of different sizes. Each data point consists of

((
t(i),x

(i)
0 ,u(i)

)
,x(i)

)
. The optimiser

will be the Limited Memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) optimiser as explained
in Section 2.3. Appendix A.1 provides further details on the setup. All in all, it is a basic regression
problem solved with a vanilla NN.

The training process and result visualisation

We briefly explain how the results in the remainder of this chapter are generated and also explain
their visualisation. This description is an illustration of the concepts introduced in Section 2.3. The
training is performed by repeatedly applying the gradient of the loss function with respect to the
parameters ∇θL. By tracking the loss on the training dataset DTrain over the epochs8, we obtain a

8We use the term epoch for an iteration of the L-BFGS optimiser independent of the number of internal steps
that the optimiser takes.
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training loss L(DTrain) that monotonically decreases. If we at the same time evaluate the loss L on
a separate dataset, the validation dataset DValidation, we obtain an estimate of the generalisation
error. Ideally, we use the parameters θ∗ at the epoch E∗ that marks the lowest validation loss
L(DValidation) as they provide empirically the best generalisation. We want to stop the training
before the model starts to overfit the training data. To assess this model, we utilise another
dataset, the test dataset DTest. Here, we compute the loss L, but we can also assess how well the
model performs on the performance metric P. Why should we not use directly DValidation for this
assessment? By stopping the training at the point with the lowest validation loss L(DValidation),
the estimate becomes biased towards this particular validation dataset DValidation. With another
validation dataset DValidation, we might have continued for a few more epochs. The use of the
entirely independent test dataset avoids the induced bias and we can formulate more credible
estimates for the loss and the performance metric – it is therefore imperative to not include the
test dataset in any decision in the training process.

The next question is whether the performance was a lucky coincidence or is repeatable? To that
end, we initialise the parameters θ at epoch 0 to different values. This initialisation is a random
sampling of the weight and bias values, the chosen distribution is highly important as discussed
in [76]; the initialisation suggested by the authors has become a standard choice for feed-forward
NNs, called Xavier Glorot’s initialisation. By using different randomisation seeds in the sampling,
we obtain different initial models. Entirely independent of each other, we train and select the
models. Furthermore, the used training and validation datasets stem from different realisations of
the data-generating process. In effect, we estimate the expected generalisation error. The testing is
performed on the same (large) dataset for all models. This provides us with a collection of results
that we can use to judge the repeatability of the obtained performance. Subsequently, we will
often use boxplots for their representation. The box represents the range from the 25th to the 75th
percentile and the black line inside the box indicates the median. The whiskers (the lines above
and below the box) indicate the remaining range of observed values. If their length exceeds 1.5
times the interquartile range, observations are considered outliers and represented as points.

Analysing the Bias Variance Trade-off

We now repeat the above described process for different sizes of the training dataset and different
model complexities, i.e., we test hypothesis classes with different representation capacities. The
results will describe the BVTO (see section Section 2.3) for the above defined task T . Such an
analysis is computationally (extremely) expensive, which means that we can only conduct it in this
detail for “small” problems. It allows us for a moment a view on the generalisation of NN models
that is rarely attainable. For this reason, we need to keep in mind which quantities we usually
have access to and which ones are usually unattainable. A helpful quantity for this analysis is the
difference between the training loss and the testing loss, we will refer to it as the generalisation
gap9.

We begin by plotting the training loss Lx(DTrain) (grey) and the testing loss Lx(DTest) (black) as
a function of the model complexity in Figure 3.6. The left-most panel shows a model with a low
model complexity, in the other panels we increase it. The x-axis shows the dataset size (on an
approximately logarithmic scale). The (unsurprising) observation is that an increase in the dataset

9We note that this term can sometimes have slightly different definitions, e.g., comparing [77], [78]. The interested
reader is referred to the more learning theoretical view on generalisation, a very active field of research, e.g., [64].
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Figure 3.6: Training loss (grey) and testing loss (black) for different dataset size (x-axis) and
model complexities (panels). The red shaded area indicates the generalisation gap for a large
dataset.

size leads a decrease in the testing loss, i.e., the models generalise better. While the training loss
has a large spread across different initialisations for small dataset sizes, it appears that the training
and testing loss tend towards a limit value for larger datasets. We indicated the range of this limit
value with the red shaded area. The associated model error can be attributed to the bias of the
model when decomposing the error into bias and variance. If the bias is dominant, the model lacks
representation capacity to fit the data better; more data points will not help. However, when the
generalisation gap is not very small and run dependent, as it is the case for the smaller datasets,
the error decomposition of the testing loss is not straightforward. Do we attribute the occurring
error primarily to the bias or the variance in the model?

Based on the testing loss in the “large-dataset limit” we could perform a hypothetical decomposition
of the error for a small dataset case into bias and variance. The result would be that the models
are variance-dominated (the bias contribution is at most 10−4) – the use of the logarithmic y-scale
may distort the impression a bit. There are two inaccuracies in this reasoning: First, the bias is
not always at its limit value, it can differ for low dataset cases. The second complicating fact is,
that the testing error is also just an estimate, we need a sufficiently large test dataset for it to be
accurate. A thorough statistical analysis would be needed for more precise statements. However,
our intention here is to illustrate what it means if a model is variance-dominated or bias-dominated
and that it is a trade-off, as the term BVTO implies.

We can in turn also fix the dataset size and observe what an increase in model complexity entails.
The three panels in Figure 3.7 show the results. Starting from the smallest dataset, we observe that
even though the training loss is decreasing significantly, the testing loss remains at relatively high
levels, and even increases for hypothesis classes with higher model complexity and representation
capacity. When increasing the dataset size as shown in the other two panels, the more complex
models lead to much lower losses and the generalisation gap decreases as well. For the simpler
models, the generalisation gap nearly vanishes. When talking about the BVTO, we implicitly want
to answer the question of which model complexity to choose for a given dataset size to achieve good
generalisation – without knowing the shown plots. In practice, we often simply choose the largest
available dataset and then aim to find an hypothesis class with an appropriate model complexity.
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We can also depict the geometry of the BVTO in a three-dimensional fashion by plotting model
complexity and dataset size on the x and y axes and the median loss from Figures 3.6 and 3.7
on the z axis. The colouring uses the logarithm of the loss values. In Figures 3.6 and 3.7, we
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Figure 3.8: Bias-variance trade-off (BVTO) in the three dimensional space of the model complexity,
the dataset size and the loss value (also indicated by the colouring). The opaque surface in the
right plot corresponds to the training loss from the left plot.

effectively looked at cross-sections of Figure 3.8. The three-dimensional view makes it even clearer
that well-fitted models (low testing loss) require both, sufficient representation capacity and large
enough datasets. If we extended the plot to even larger models and datasets, we would continue to
approach smaller and smaller test loss values.

A useful and simpler visualisation is to consider the testing loss in Figure 3.8 from a top view
as shown in Figure 3.9. Here, we show the generalisation gap as level sets depicted by the black
dashed lines. A value of −1 means, that the training loss is 10−1 times the testing loss. We can
see, that the models in the upper left corner are bias dominated (low generalisation gap) and in
the lower right corner variance dominated (large and inconsistent generalisation gap). At this
point, it is important to point out that, ultimately, we care about a small enough testing loss. The
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Figure 3.9: Top view onto Figure 3.8, i.e., the BVTO. The dashed lines indicate the generalisation
gap of the bias variance trade-off. The colour scale shows the test loss.

distinction between bias and variance related model error is a “construction”. It helps, though, to
understand if we should aim for reducing bias, i.e., increasing the model complexity, and, hence,
the representation capacity, or for reducing variance, i.e., providing more data points. With a small
generalisation gap, this attribution becomes clearer, i.e., the bias is dominating. For this reason we
prefer a small generalisation gap. As we will see, inductive biases play an important role to achieve
good generalisation and we will explore some in Section 3.5.

Exploring the BVTO – hyperparameter tuning and task-dependency

As mentioned earlier, to generate the shown BVTO plots, a very extensive analysis of the learning
task is necessary and it is usually not feasible to obtain. If it was, we could simply select an
appropriate model size and dataset size based on the testing loss requirements. In practice,
hyperparameter tuning serves the role of obtaining a rough approximation of the BVTO. The
hyperparameters can include the model complexity, e.g., depth and width of the NN, the dataset
size, but they will also need to take hyperparameters from inductive biases into account. Examples
are regularisation strengths and optimiser parameters such as the learning rate. Hyperparameter
tuning requires the training of multiple models, therefore, the development of efficient search
routines is an important topic for obtaining good models.

For some hyperparameters, in particular those of the optimisers, heuristics can inform suitable
ranges. However, other settings will be dependent on the specific learning task T . Figure 3.10
shows two tasks that are very related to the one in Figure 3.9, however, they result in very different
BVTO plots. In Figure 3.10(a), we doubled the prediction horizon, i.e., we can predict larger time
steps h. The region of low testing loss (blue) becomes much smaller which in turn will require
more data points to obtain the same accuracy as for the original task. If we, in contrast, reduce
the domain from which the initial conditions stem (Figure 3.10(b)), i.e., reduce X0 (we set r < 0.5,
hence, the points are closer to the equilibrium state), the region of low testing loss increases
dramatically. Furthermore, the generalisation gap becomes more favourable in this case. These
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examples illustrate that the BVTO is task dependent and we can say that there exist different
levels of task difficulties; a simple task can be solved accurately with few data points and a low
representation capacity, for a difficult one, we require more powerful hypothesis classes and more
data points. As an investigation of this “level of difficulty” would entail further increasing the
already significant computational burden, we focus in the remained only on the initially specified
task.
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Figure 3.10: Impact of altering the learning task T on the BVTO.

3.5 Including domain knowledge - PINNs

In this section, we present different options to incorporate domain knowledge from the dynamical
system; we aim to include inductive biases that can be informed by the physics. Ideally, these
inductive biases alter the BVTO in our favour, such that we reliably obtain low testing losses and
generalisation gaps. Based on the central components of a learning algorithm, laid out in Chapter 2,
there are four potential “points of entry”: The loss function L, the dataset D, the hypothesis class
hθ, and the optimiser. The following paragraphs provide the conceptual ideas and mathematical
formulations. In Section 3.6, we show their effects on some example cases.

3.5.1 Physics-based loss functions

This section explores how to incorporate the physical knowledge into the learning, specifically into
the loss function L, i.e., altering the training objective. This approach is based on the work of
Raissi, Perdikaris and Karniadakis [26] who revived and extended earlier work [67] under the term
Physics-Informed Neural Networks (PINNs). Section 3.7 provides further context on PINNs, we
now focus on the formulation.

In the following, we change neither the performance metric P nor the use of Lx (3.7c) as a metric
to compare models. Instead, we add additional terms to the loss L, i.e., the objective function
during training. The intuition behind these added terms is that the NN should not only fit the data
points well, but also the tangent with respect to time, i.e., the temporal derivative. We essentially
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incorporate the defining property of a flow into the training procedure, visually speaking we utilise
the vectorfield.

We start with a dataset D that stems from simulation of trajectories, and we form the loss according
to (3.7c)

Lx(D) = 1
|D|

|D|∑
i=1

∥∥∥x(i) − x̂(i)
∥∥∥2

T,2
. (3.11)

dt-loss

In a first step, we propose to incorporate the underlying physics in a “dt-loss” as follows: We
evaluate the left-hand side (lhs) and right-hand side (rhs) of the differential equation

d

dt
x︸︷︷︸

lhs

= f (t,x,u)︸ ︷︷ ︸
rhs

based on the simulated data points x(i) and the approximated data points x̂(i). The norm of their
mismatch is then computed in the dimensionless states10, indicated by the subscript T , and forms
two additional loss terms Llhs and Lrhs

Llhs(D) = 1
|D|

|D|∑
i=1

∥∥∥∥ d

dt
x(i) − d

dt
x̂(i)

∥∥∥∥2

T,2
(3.12)

Lrhs(D) = 1
|D|

|D|∑
i=1

∥∥∥f (t(i),x(i),u(i)
)
− f

(
t(i), x̂(i),u(i)

)∥∥∥2

T,2
. (3.13)

Figure 3.11 illustrates the interpretation in the vectorfield, as the losses can be seen as differences
of vectors. The orange curve corresponds to a true trajectory, and we evaluate it at four points x

(coloured dots). The NN-based prediction of the trajectory is shown in blue, also evaluated at four
points x̂. Lx (3.11) relates to the distance between the states. Here, the use of the dimensionless
states x̃ shows its importance as the distance is now clearly defined. By computing the vector that
is tangent to the trajectory, we obtain the vectors at the points shown in Figure 3.11(a). Their
length indicates how fast the state moves along this trajectory. The difference between the vectors
corresponds to Llhs. For Lrhs we also calculate the difference between two vectors, but these stem
from the vectorfield, i.e., the update function f (·) evaluated at the true or predicted point, see
Figure 3.11(b). For the true trajectory the vectors in Figures 3.11(a) and 3.11(b) are identical by
definition11, but this is not true for the NN approximation. The following thought shall further
clarify the difference between the two losses: For Llhs the trajectories could be offset by any value,
the loss would remain unchanged as it penalises the mismatch of the derivatives of the trajectories.
In contrast, Lrhs penalises a mismatch in the location in the vectorfield. This entails that the two
are not identical and can vary independently, even to the extent that one equals 0 while the other
does not. It also means, that Lrhs acts more directly on the optimisation and has overlapping
information content with Lx, whereas Llhs adds a significant regularisation because it incorporates
information of the surrounding of the data point as its derivative describes the local neighbourhood.

10The transformation for d
dt
x can be derived by computing the temporal derivative of T (3.4).

11In the implementation, we therefore replace d
dt
x(i) in Llhs by f

(
t(i),x(i),u(i)

)
.
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Figure 3.11: Illustration of the interpretation of the loss terms Llhs and Lrhs in the state space.
The orange line corresponds to the true trajectory and the blue line to a NN-based prediction.

Physics-loss

These regularisation terms Llhs and Lrhs rely on a comparison based on the training dataset. The
fundamental idea of PINNs as introduced in [26] is that we can add another term, Lc, which
compares the left-hand side and right-hand side of the update function, but now both evaluated on
the prediction x̂(i)

Lc(Dc) = 1
|Dc|

|Dc|∑
i=1

∥∥∥∥ d

dt
x̂(i) − f

(
t(i), x̂(i),u(i)

)∥∥∥∥2

T,2
. (3.14)

We adapt the original formulation to the ODE formulation and the transformed state space, the
conceptual idea is identical. Figure 3.12 illustrates this loss term again on the vectorfield. In
contrast to the previously added terms Llhs and Lrhs, we are now independent of the simulated
trajectory and data points; we can evaluate Lc on any point in the input domain (it is even possible
outside the original domain bounds). We dedicate a special dataset to it, Dc, which contains all of
these collocation points12

Dc :=
{((

t(1),x
(1)
0 ,u(1)

)
,0
)

, . . . ,
((

t(N),x
(N)
0 ,u(N)

)
,0
)}

. (3.15)

It is crucial to stress that Lc = 0 does not imply that the predicted flow Φ̂ is correct, it simply
tells that the predictions are in line with the vectorfield. Formally, this can also be seen directly
from (3.15), as the data-generating function necessary to create such a dataset is not bijective, i.e.,
not invertible. The target 0 can be reached from infinitely many input points. Because we know
the target for any input, we can generate datasets Dc of arbitrary size without running a single
simulation.

12The name indicates the connection to numerical collocation methods which are constructed around the evaluation
of the consistency of the prediction rather than by comparing the prediction against a target, see, e.g., [12].
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Figure 3.12: Illustration of the interpretation of the physics loss Lc in state space. The blue line
to a NN-based prediction and the two arrows represent d

dt x̂ and f(x̂).

Total training loss

We add all loss terms together into the total training loss L

L = Lx + αdt(Llhs + Lrhs) + αcLc. (3.16)

and we once more encounter a multi-objective optimisation problem. We reduce it to a single
objective by weighting the different physics-based loss terms, i.e., the dt-loss (Llhs + Lrhs) and the
physics-loss Lc, with factors αdt and αc which become hyperparameter of the problem. The fact
that Lc = 0 does not lead to a unique solution, whereas Lx as well as Llhs in combination with
Lrhs do, can produce undesired training outcomes if αc is too large. At the same time, when it is
too small, we loose the effect of the physics-based regularisation. To balance these considerations,
we utilise an adaptive scheme based on the current epoch E. Starting from an initial weighting
factor αc,0, we increase the weighting according to

αc(E) = min
(

αc,max; αc,0 10E/E′
)

(3.17)

up to αc,max. The hyperparameter E′ determines the speed of this fade-in. In [79], the authors
propose a learning rate annealing that aims at balancing the gradient of the different loss terms
with respect to the NN parameters. In Section 4.4, we provide a probabilistic view on this weighting
problem.

3.5.2 Dataset design
The data-generating process for task T becomes the flow Φ itself as there is no noise present, i.e.,
ε = 0. The relation between the input (t,x0,u) and the output (x) is per definition described by
the flow Φ

x = Φ(x0, t;u). (3.18)

For this process, we formulate the data-generating distribution pdata(t,x0,u), from which the
dataset will stem

pdata = p(t) p(x0) p(u). (3.19)
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This may seem either trivial or just needlessly formal. The reason to start from this point is
that it motivates how the design of the dataset can be used to influence the learning outcomes.
With the term design we refer to the opportunity to choose the probability distributions of the
input variables, which in turn shapes pdata. We sample a dataset D from pdata, which forms the
experience E based on which the algorithm learns. Intuitively, it matters what experience the model
is exposed to and what we aim for. As we can decide which experience we provide the learning
algorithm with, the question naturally arises: How should we choose the distributions of the input
variables to obtain a good performance P, i.e., a small maximum absolute error? The restriction
of the input domain for the task T provides bounds for the probability distributions, i.e., their
support, but not the probability density functions. In the following, we will suggest a few choices
for p(t) and p(x0) based on considerations about T and P . We do not cover p(u) explicitly, as it is
not varied in Section 3.6, but similar arguments as for p(t) and p(x0) could be made.

Sampling time p(t)

In the task T , we defined the input domain of interest for the time, or more precisely, the time
step h as [0; hmax]. The choice of this domain, i.e., values between 0 and hmax is specific to the
task T and therefore fixed. Needless to say though, that this choice has major implications on
the learning as we saw for the BVTO in Section 3.4 and as we will discuss in Section 3.7. Given
hmax, a straightforward choice for p(t) is to use a uniform distribution U(min, max) between the
minimum and maximum value

t ∼ U(0, hmax). (3.20)

From the comparison with conventional numerical schemes, a desirable property for the NN-based
flow approximators might be a time step dependent error. From that perspective, larger time steps
could be allowed to have larger errors than very small time steps, it is the concept of numerical
consistency. If we increase the density of points in the region where we aim for small errors, we can
induce such a characteristic. To this end, we test a log-uniform distribution in t, i.e., the logarithm
of t is distributed uniformly between a lower and an upper bound.

log t ∼ U(0.001, hmax). (3.21)

For the lower bound we need to choose a positive value, e.g., 0.001 s.

Sampling the initial condition p(x0)

The sampling of the initial condition is more intricate as we need to consider the different elements
x0,i of the state x. If we treat them separately, we can simply choose a uniform distribution U
with bounds x0,i, x̄0,i for each element of the state and multiply their probabilities

x0,i ∼ U(x0,i, x̄0,i) (3.22)

p(x0) =
n∏

i=1
p(x0,i). (3.23)

In effect, we sample from an n-dimensional hypercube, where n is the number of states.

At this point, the considerations that led to the formulation of the dimensionless state space (see
Section 3.3) occur again: First, the concept of a state space highlights that the state x of a system
should be considered with all elements of the state at once. Second, the shape that defines the
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critical energy looks more like a circle than a square. Based on this geometric observation, we sample
the entire state x simultaneous and more alike sampling in a unit-ball defined by the L2-norm13.
For the sampling we split the sampling process into sampling points x′

0 on an n-dimensional sphere
(∥x′

0∥T,2 = 1) using the multi-variate normal distribution N with I being the identity matrix

x′
0 ∼ N (0, I) (3.24)

p (T (x0)) = p(r) x′
0

∥x′
0∥2

(3.25)

and then scale these points by r, i.e., radius of the sphere. As we describe the probability distribution
in the dimensionless state space, the radius r is equivalent to the definition in (3.8). For the present
case with n = 2, this sphere is a unit circle. If we sample the radius according to a uniform
distribution U(0, rmax), we will obtain more points towards the centre of the circle, i.e., close to the
stable equilibrium point xeq. If we sample such that r2 is uniformly distributed, the area will be
equally covered with data points. This leads to two choices for the probability distribution p(r),
which we will refer to as radial and annular sampling of the initial condition:

Radial: r ∼ U(0, rmax) (3.26)

Annular: r2 ∼ U(0, rmax) (3.27)

We will compare these strategies to the sampling defined by (3.23), we call it square sampling.
For a “fair” comparison the resulting input domain X0 should cover the same area (or volume for
n > 2). Therefore, we set the limits to T

(
x0,i

)
,T (x̄0,i) = ±

√
π/4rmax.

Sampling choices for testing model performance

We not only need to sample a training dataset DTrain for the learning algorithm, but also a testing
dataset DTest on which we evaluate the performance P. For the maximum absolute error, for
instance, the performance formulates as

P∞ =
∥∥∥Φ̂(t,x0,u)− Φ(t,x0,u)

∥∥∥
∞

, t ∈ [0, tmax], x0 ∈ X0 (3.28)

over the entire combined input domain of t, x0, and u. The empirical performance P that we
obtain from a test dataset, will always underestimate the true value P∞ unless we exactly found
the worst-performing point. If we have a very large number of points in the testing dataset, the
estimation error |P −P∞| will tend towards 0, however, for smaller datasets a significant estimation
error can occur. Its size will depend on the sampling strategy, i.e., pdata, taken for the test dataset.
Intuitively speaking, it depends on how well pdata covers the region where the flow approximation
Φ̂ performs worst. Where this region is, however, depends itself on pdata of the training dataset
and the training algorithm overall.

Weighting data points

An alternative way of designing the dataset can be achieved by weighting the importance of points.
Each point in the dataset is assigned a weight and the loss functions (Lx, Lrhs, Llhs, Lc) then
calculate the weighted average over the loss per point instead of their mean. An advantage of such
an approach is that the weights can be adjusted during the training, e.g., based on the collocation

13The hypercube from above is also a unit-ball when using the L∞-norm, hence, (3.23) could also be derived
based on the presented argument.
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loss as in [80]. However, the choice of the weights can also lead to unintended biases in the resulting
models. From a probabilistic view, the weights basically represent an importance distribution that
we convolute with the sampling distribution to alter pdata. If we have a well-informed idea, e.g.,
from physics, what the importance distribution shall look like, it can help to provide the learning
algorithm with experience E that leads to a good performance P. We have not implemented nor
tested this approach to avoid another layer of complexity as the weighting will interact with the
choice of pdata.

3.5.3 Architecture of the hypothesis class

A central element of a well-specified learning process is the form of the hypothesis class hθ. It allows
us to include properties into the resulting approximation that shall be fulfilled by construction.
One can think of it as hard constraints that cannot be violated or of symmetries and invariances
that need to hold. The authors in [81] analyse these aspects from a geometric point of view and
term it Geometric Deep Learning. We do not go into any details of this novel viewpoint, but it
certainly inspired seeking the close connecting to the geometry of the state space and the vectorfield.
Furthermore, the presence of geometric numerical integration (see e.g. [12]) hints at the importance
of geometry when approximating the flow of a dynamical system.

For the given problem, we restrict the selection to models based on the feed-forward NN in (2.15).
We add the transformation T for the input of the initial condition and its inverse T−1 for the
output layer:

z0 = [h,T (x0)⊤
,u⊤] (3.29a)

zk+1 = σ
(
W (k)z(k) + b(k)

)
k = 0, 1, ..., K − 1 (3.29b)

x̂ = T−1
(
W (K)z(K) + b(K)

)
(3.29c)

This forms the basis for the following architectures14.

A first step, that [67] suggests, is to alter the final layer to include the initial condition, closely
resembling the integral formulation of an ODE or the learning of a residual

Residual: x̂ = x0 + T−1
(
W (K)z(K) + b(K)

)
. (3.30)

One can even enforce this constraint by including the time step size h explicitly, which will ensure
consistency of the approximator as discussed in 3.2.1

Residual A: x̂ = x0 + hT−1
(
W (K)z(K) + b(K)

)
. (3.31)

In the same manner, we can construct a function that obeys also f (0,x0,u), i.e., the tangent at
the initial condition

Residual B: x̂ = x0 + h
(
f (0,x0,u) + hT−1

(
W (K)z(K) + b(K)

))
. (3.32)

All these changes, suggested in [67], do not require any adaptation of the loss formulation as the
output is always x̂. However, the target probability distribution, that the NN learns, does change
and hence also the optimisation landscape and the learned parameters θ.

14In the implementation, we also perform a standardisation of the input vector z0. This usually helps the training
process as otherwise vanishing gradients can easily occur due to saturation of the activation function.
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IRK-PINNs

We can seek an even closer link to the numerical RK schemes by predicting x̂ with the intermediate
step of computing the ν stages kj of an implicit Runge-Kutta (IRK) scheme, proposed in [26].
For an explicit scheme this would provide only (if at all) a marginal benefit compared to directly
applying the scheme. Computing the stages of an IRK scheme, however, requires the solution of
an implicit non-linear system of equations. Therefore, an approximation of the solution to this
implicit problem can result in a significant speed-up while profiting from the numerically desirable
properties. The only change we have to make is, that the last layer predicts the stages of the IRK
scheme k̂j

x̂ = x0 + h

ν∑
j=1

bjf
(

t0 + cih, k̂j
)

(3.33a)

k̂j = T−1
(
W (K)z(K) + b(K)

)
(3.33b)

To train such an IRK-PINN we can rely on the usual loss term Lx. However, we can also add a
collocation-based loss function that penalises mismatches in the definitions of the RK stages, i.e.,
of (2.10), when evaluated with the approximations k̂j :

Lc,IRK = 1
|Dc|

|Dc|∑
i=1

∥∥∥∥∥k̂j(i)
− x

(i)
0 − h(i)

ν∑
m=1

aj,mf
(

t0 + cmh(i), k̂m(i)
)∥∥∥∥∥

2

T,2

. (3.34)

This loss only becomes 0, when we have found a solution to the implicit problem defined by an
IRK-scheme. The initial formulation by [26] used a fixed time step size h. We propose to include the
time step size h as an input. Thereby, we obtain a full flow approximator scheme Φ̂ instead of only
approximating specific flow maps ϕ̂t. Furthermore, it enables the use of the other physics-based
loss functions Llhs, Lrhs, and Lc. They can be evaluated independently of Lc,IRK .

3.5.4 Optimiser

The last “ingredient” of the ML setup is the optimiser. Optimisers are known to have some
influence on the training outcomes, i.e., they introduce some inductive bias [65]. However, only a
handful of optimisers are popular as they are usually rather problem agnostic and applicable to
a variety of problems. The choice is often determined by the available computational resources.
Two popular and possible choices are the Adam and L-BFGS optimisers. To limit scope, we can
provide merely experimental insights in how hyperparameters affect the process and performance.
A theoretical conceptualisation is beyond the scope of this thesis. Potential insights regarding the
optimisation landscape could be valuable for improving the choices in the previous three subsections
- the dimensionless coordinates exemplify this. Achieving performance improvements by directly
integrating domain knowledge into the optimisation algorithm is more difficult, given the highly
optimised implementations. Specific adaptations of the optimisation algorithms for PINNs might
be possible though.

3.6 Exploring the space of physics-informed approaches

The above listed choices for informing the learning process could be combined in many ways, and
interactions between them are to be expected. A full analysis of all possible combinations would
require the exploration of too many combinations. Therefore, we present the effects of the inductive
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biases and their interactions on a few selected examples. The physics-agnostic approach serves
mostly as the common reference case, and we want to show how the inductive biases, that we
introduced in the previous section, influence the observed Bias Variance Trade-off (BVTO). By
building a good understanding of “local” effects, we can start to hypothesise on potentially useful
combinations without having a rigid theory yet. Thereby, we aim to avoid running extensively
many model trainings – in total we already trained more than 10 000 models for this section.
Reducing this number is critical when moving to more intricate setups and dynamical systems, as
the computational burden will be too high for an investigation of this size.

3.6.1 Regular points vs collocation points

We begin by analysing the effects of including the governing ODEs in the loss function. This can
either be based on including the dt-loss, i.e., Llhs + Lrhs evaluated on the simulated dataset, or
based on the collocation-based term Lc, see Section 3.5.1 for their definition. We will use the terms
dtNN and PINN to refer to them. A NN without the additional loss terms will be called vanilla
NN. The overall setup is identical to the analysis of the BVTO in Section 3.4. The hyperparameter
settings can be found in the appendix.
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Figure 3.13: Illustration of the BVTO for vanilla NNs, dtNNs, and PINNs. The colouring repres-
ents the loss on the test dataset (log10 Lx(DTest)) and the dashed lines indicate the generalisation
gap (log10(Lx(DTrain)/Lx(DTest)))
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Figure 3.13 shows the resulting BVTO plots, the one labelled vanilla NN is identical to Figure 3.9.
We clearly see that dtNNs and PINNs extend the region of low loss (blue) significantly, while also
extending the region where the generalisation gap is low, i.e., the region in the left upper corner
above the black dashed line. Both these trends are desirable as they yield better performing models
(measured by the loss) and more confidence in the generalisation (measured by the generalisation
gap). The following will go into more depth of how the additional loss terms affect the BVTO.

To start, we consider different cross-sections of the BVTO in Figure 3.14, which has the same
interpretation as Figure 3.6; the three columns show the training loss in the upper panels and the
testing loss in the lower panels for three model complexities. The x-axis shows the increasing dataset
sizes. The boxplots represent the distribution over 20 training runs and their colour indicates
the three NN types, vanilla NNs, dtNNs, and PINNs. In the lower panels, we additionally plot
(very lightly coloured) the training loss from the upper panels. This will help to illustrate the
generalisation gap that we will analyse in the following. We begin with the general observation,
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Figure 3.14: Generalisation gap between the training and testing loss for different model com-
plexities (columns) and dataset sizes (x-axis). The colour of the boxplots corresponds to the NN
type (vanilla NN, dtNN, PINN).

that PINNs deliver the lowest test loss across nearly all dataset sizes and model complexities when
compared to the corresponding dtNN or vanilla NN. In the comparison of dtNNs and vanilla NNs,
the former leads to lower test losses. For all three model complexities, i.e., the columns, the training
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loss of the vanilla NNs and dtNNs shows a wide spread when the training dataset size is small; it is
the same observation as in Figure 3.6. So while the dt-loss term does not alleviate this problem
of high variance in the models, the training loss of PINNs is even for small dataset size much
lower and more consistent. The values also differ much less with respect to the test loss for a large
dataset size – here the model becomes bias dominated – in most cases less than by a factor of 100.
This means that the training loss provides a much better estimate of the size of the model bias. In
contrast, the training losses of the vanilla NNs and dtNNs only become “informative” for dataset
sizes of 500 and above. This can also be seen in the “weird” patterns of the generalisation gap
at the bottom of the BVTO plots in Figure 3.13. While the additional loss terms of dtNNs and
PINNs are particularly helpful for a low and medium model complexity, the generalisation gap for
a high model complexity remains significant except for the largest dataset size. Even in terms of
the absolute levels of the test loss, the medium complexity models perform better. The reason is
that the additional regularisation does not sufficiently restrict the representation capacity which
results in a variance-dominated model. For the low model complexity, we encounter the opposite, a
bias-dominated model.

As we can see for the model of medium complexity, PINNs can significantly improve the accuracy for
small dataset sizes. As we add the collocation points (here 500) on top of the simulated data points,
we obtain a better coverage of the domain to control the learning. Could we add more collocation
points to improve performance further? In Figure 3.15 we use a dataset DTrain with 200 points
and then alter the number of additional collocation points represented by the different coloured
boxplots. Along the x-axis, we increase the model complexity. For the high complexity models, we
do see a substantial improvement of the test loss by adding collocation points. Furthermore, the
generalisation gap is also reduced. However, for high complexity models it appears to be difficult
to achieve a generalisation gap as low as for low model complexities. This difficulty or lack of
efficiency relates back to the nature of collocation points. They penalise solutions that are not
aligned with physics, i.e., those solutions that contradict the vectorfield. In contrast, predictions
that do not match the desired target but are physically consistent, do not lead to a loss. A simple
example is when a PINN predicts that the trajectory equals the equilibrium state – this will be
perfectly in line with the ODEs but it may contradict the supplied data points.

The above presented results illustrate the benefit of adding the dt-loss (Lrhs + Llhs) based on the
simulated dataset as well as Lc based on collocation points. The results suggest that PINNs provide
a powerful inductive bias, in particular for models of medium complexity. These models have a
low enough bias to be attractive in terms of the achievable test loss, whilst requiring only small
simulated datasets along the collocation dataset to yield good training results.

3.6.2 Learning only from collocation points - PINNs and IRK-PINNs

In the limit, we can learn the flow Φ entirely from collocation points15; the total loss becomes
equivalent to the physics-loss Lc, we omit the regular data loss Lx and the dt-loss (Llhs+Lrhs). We
need enough collocation points, though, to ensure that the vectorfield is closely matched everywhere
on the training domain. The difficulty lies in the fact that the solution is dependent on the solution

15When solving PDEs with PINNs as it was introduced in [26], this is the normal case for forward problems as
we cannot simply compute “parts” of the solution and provide them as data points. For approximating a flow, in
contrast, the possibility to simulate single trajectories allows us to easily include data points. Learning purely based
on collocation points becomes, therefore, a more hypothetical exercise, as the use of simulated data points greatly
accelerates the training. We come back to this point in Section 3.7.
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Figure 3.15: Impact of increasing number of collocation points (200, 500, 1000, 2000) on training
(light colouring) and testing loss.

“upstream”, i.e., on the states earlier in time. When we do not have any simulated data points,
the only “anchor” point, where we know the state value, is the initial condition x0 at t = 0. This
means, that we can only predict accurately at, e.g., 1 s, if we have also accurately predicted the
flow Φ up to this point in time. If we have large errors close to the initial condition, this error will
affect the entire trajectory or flow that follows.

Temporal causality - the need to start from the initial condition

The first imperative is therefore to accurately approximate the value at the initial condition to
respect the temporal causality. Here, the design of the NN architecture provides an important
tool. By using the formulation (3.31), we refer to it as Residual A, we place a hard constraint on
the initial condition, hence, it is satisfied under all circumstances. Similarly, we can construct a
NN with (3.32), that we call Residual B. It obeys also the first temporal derivative for the initial
condition. To illustrate this, we show in Figure 3.16 the rotor angle δ for two trajectories at three
epochs during a training process that is based entirely on collocation points. The black dashed
line represents the true trajectory, the red one Residual A and the blue one Residual B. We also
added a Residual NN (based on (3.30)) where no hard constraint is present. We can see that right
from the start of the training (see Epoch 2), the initial condition is matched for Residual A (red)
and Residual B (blue), and also the derivative for the latter. At epoch 10 the resulting trajectories
begin to match the true trajectory more and more. For the trajectory starting at about 100 deg, a
mismatch to the true trajectory occurs early on. Afterwards, the shape is approximately correct,
but offset. This can only be resolved by reducing the early error, but after more training, i.e., in
epoch 500, this is the case. To accelerate this process, the authors in [80] motivate an adapted
training routine to respect the temporal causality. They introduce a weighting scheme that ensures,
that the trajectory around the initial condition is fitted well first, before attempting to fit large
time steps. The trajectory stemming from the Residual NN does not fit the true trajectory at all,
even though it might obey the governing ODEs; we are missing the anchor point at the initial
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Figure 3.16: Two trajectories at different epochs of entirely collocation based training. The
colours show signify different NN architectures, namely Residual (grey), Residual A (red), Residual
B (blue).

condition16. Does it make a difference if we use a ResidualA or a ResidualB NN? We will first
discuss another architecture-related possibility to train PINNs without a simulation dataset, namely
IRK-PINNs, before coming back to this question.

IRK-PINNs

As alluded to earlier on, we need sufficiently many collocation points if we want to predict larger
time step due to the need to propagate the solution from the initial condition onwards. The
advantage of IRK schemes is that they can accurately predict long time steps and it “only” requires
solving the associated system of implicit equations. By incorporating this scheme in NNs, i.e.,
constructing IRK-PINNs (see (3.33)), we can circumvent the need to resolve the entire trajectory
upstream. The loss for each collocation point can be minimised independent of the others. Thanks
to the loss LIRK , IRK-PINNs can also be trained as a flow approximator without any simulated
data points. As described in Section 3.5.3, we can additionally use the physics loss Lc from PINNs,
we refer to this procedure as IRK-PINN+. We will explore their effectiveness in the following
paragraph.

Test loss results

We compare the different options to train a NN-based flow approximator Φ̂ without a single
simulation, i.e., when only using collocation points. We fixed the model complexity to a medium
level and will vary the size of the collocation dataset. The tested architectures are the Residual
A and Residual B formulation as well as IRK-PINNs and IRK-PINN+. For the IRK-PINN and
IRK-PINN+, we test different number of IRK stages ν. Figure 3.17 shows the resulting test loss.
We observe that more collocation points help reducing the test loss. However, for the IRK-PINNs
and IRK-PINN+, the test loss does not improve further from 1000 data points on; the models do
not have sufficient representation capacity. For the Residual A and Residual B architecture, this
point seems not to be reached yet for 2000 data points. If we compare the loss with the levels
achieved with the same model complexity (see the middle column in Figure 3.6) beforehand, we

16By supplying a dataset only consisting of initial conditions, we could also make the Residual NN fit. However,
in that case it is only a soft constraint and we have to penalise its violation by including Lx again in the loss function.
This, however, then requires balancing Lc and Lx. The hard constraint is the much more effective solution.
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can see a notable disparity. When using simulated data points a loss of around 10−7 should be
achievable, from which we can conclude that with more points, the Residual A and Residual B
PINNs should achieve these levels. To give a perspective on the performance P , the maximum error
of the rotor angle lies consistently slightly above 10 deg for a test loss of 10−4. The performance of
the IRK-based models yield approximately this performance in the given setup. When reducing the
test loss by a factor of 100, which is roughly the case for the Residual A and Residual B models,
the maximum error can be reduced by a factor of about 10, i.e., to low single digit values for the
rotor angle error.
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Figure 3.17: Test loss for PINNs trained purely with different numbers of collocation points
(x-axis).

Ideally, we will only need small dataset sizes to achieve well-performing models. For collocation
points, this is not driven by the effort to create the dataset – the collocation dataset only requires
sampling and no simulation, thereby, it is essentially for free – but by the consideration of the
BVTO. The need for few points to achieve sufficient accuracy implies good inductive biases. Their
effectiveness is not too critical for the two-dimensional state, however, for a higher dimensional
dynamical system, i.e., a system with more states, “efficiency” matters a lot more, as we encounter
the curse of dimensionality (we will treat it in Section 6.5). The IRK setups seem to generalise a
little better for the very small dataset cases, the reason lies most likely in the fact that they do
not rely on accurate predictions upstream. Furthermore, the use of IRK-PINN+ leads to slightly
lower losses than the IRK-PINNs due to the additional regularisation. The number of stages ν

does not seem to greatly matter. The existing differences vanish as soon as the representation
capacity becomes limiting. While the output layer of IRK-based PINNs has a lot more neurons
(the stages times the number of states ν · n) than the Residual A and Residual B architecture (only
n), the hidden layers before are of the same size. Loosely speaking, we cannot pass sufficiently
differentiated information through the hidden layers, for predicting accurate IRK stages. Adjusting
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the width of the hidden layers is an option, but it also makes the training more expensive. The two
residual architectures yield similar performance, providing no argument (in this setup) for one or
the other.

3.6.3 The loss as a distribution - the effects of the dataset design

So far, we mostly looked at the loss Lx to analyse model performance. Whenever distributions
were involved, they were concerned with how the loss Lx behaves under different initialisations.
This means that we only considered the mean of the loss values per point ℓ(i)

Lx = 1
|D|

|D|∑
i=1

∥∥∥x̂(i) − x(i)
∥∥∥2

T,2︸ ︷︷ ︸
ℓ(i)

. (3.35)

As we motivated in Section 3.3, optimising the mean might also lead to a good performance
using the metric P, here the maximum absolute error, but it is not guaranteed. By analysing the
distribution of the point-wise loss ℓ(i) instead, we obtain a much more detailed picture. To do so,
we evaluate a test dataset DTest and then rank the values of ℓ(i). By computing the percentiles of
this ranking of ℓ, i.e., finding the value of ℓX such that X% of the values are smaller than ℓX , we
obtain a detailed and comparable insight into the performance of the learned model. The 100-th
percentile corresponds to the maximum value and the 50-th percentile to the median. We use this
in-depth analysis to compare the dataset design options introduced in Section 3.5.2. It also lays
the ground for a similar analysis in Section 3.6.4.

Sampling time

We have two sampling strategies to test the distribution of the input t, i.e., p(t), a uniform and a
log-uniform distribution. Importantly, training and test dataset to do not need to share the same
distribution. In fact, this analysis aims exactly at understanding the effect of p(t) used for the
training dataset by testing it on other possible choices of p(t) for the test dataset. We train 20
vanilla NNs on each of the distributions and then test each of the resulting models on the two
test datasets. After computing the percentiles, we summarise the 20 resulting percentile curves in
Figure 3.18. The shaded area indicates the region between the largest and lowest percentile value
and the solid line the median across the 20 curves. The colours indicate the training dataset that
was used and the two panels distinguish the test dataset.

If the sampling distribution p(t) was irrelevant for generalisation, we would expect that the model
trained on the same distribution as the test dataset should perform best. For most of the percentiles
this is true; the red curve is lower than the blue one in the left panel and vice-versa in the right
panel. This does not necessarily hold in the tails of the distribution, i.e., for low and high percentiles.
The low percentiles, i.e., small values of ℓ(i), are not of interest, but the percentiles close to 100 are
extremely important as they relate to the largest error, and, hence, will determine the performance
P of the approximator. In either test dataset, the models trained with a log-uniform sampling
(blue) show significantly larger errors in the tail – this indicates that the uniform sampling leads to
better generalisation when the maximum loss ℓ(i) is concerned.

The other interesting observation is that the range of the percentile curves originating from the
log-uniform sampling is substantially larger than for the uniform sampling. This indicates the
dependence on the realisation of the dataset sampling; there can be “favourable” and “unfavourable”
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Figure 3.18: Distribution of the error percentiles for different sampling strategies for p(t) in the
training (colour) and testing (figure columns) datasets.

training datasets in terms of how well the model performs on the test dataset. A wide band means
that the training outcome has a high dependency on how favourable the training dataset is. A
narrow band is more robust in this regard and therefore preferred (if the performance overall is
acceptable).

Sampling initial conditions

We repeat this kind of experiment also for the distribution of the initial condition, i.e., for p(x0).
Here we test three distribution, termed “radial”, “annular”, and “square” (see their definitions in
Section 3.5.2). The results are shown in Figure 3.19 and the construction is identical to Figure 3.18.
The trends observed in the previous paragraph largely hold; the tails are the critical, but also
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Figure 3.19: Error quantiles for different sampling strategies for p(x0) in the training (colour)
and testing (figure columns) datasets.

interesting regions. We want to note two important points: First, the models trained with the
square sampling (blue) show a very large range of percentiles curves, even when applied to the test
dataset with the square sampling. The median is also notably higher than for the other sampling
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strategies. This indicates poor generalisation behaviour, and we can explain it when considering the
phase space as we will do in the next section. Closely linked is the second observation. It concerns
the maximum losses that we observe for the test dataset based on the squared sampling. This is
the only place, where training with a dataset from the square sampling has a slight advantage over
the other sampling strategies. At the same time, these losses are much higher than on the other
test sampling strategies.

Preferred sampling strategy

From these analyses, the preferred sampling strategy seems to be a uniform sampling of time and
an annular sampling of the initial condition. They show lower dependency on the randomness
of the parameter initialisation and the dataset realisation, both are highly desirable for good
generalisation. However, as we, ultimately, care about the maximum errors (according to P), these
mentioned properties are not sufficient. To analyse where the maximum errors occur, we continue
in the next section with forming conditional errors on the input values t and r(x0).

3.6.4 Shaping conditional error distribution

In this section, we compute conditional loss distributions p(ℓ|t) and p(ℓ|r(x0)) given time t or the
radius of the initial condition r(x0). Our aim is to not only know the error distribution based on
percentiles as in the previous section, but also identify where in the input domain we can expect
small or large loss values. To do so we partition the test dataset evaluated on a single trained
model into small segments based on t or r(x0) and then compute the minimum, maximum, and
median loss of the points within a segment.

Loss conditional on time

To begin, we analyse the dependency of the loss on the time step size, shown in Figure 3.20. We
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Figure 3.20: Conditional loss distribution p(ℓ|t) with uniform (red) and log-uniform (blue)
sampling. The solid line represents the median and the shaded area the range between maximum
and minimum loss. The figure columns correspond to the used test dataset.

observe in the left panel that the uniform sampling in time leads to an approximately uniform
conditional loss distribution. Neither the mean nor the extreme values show a clear trend with
respect to the input t. In contrast, the log-uniform sampling has a clear dependency on where
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we evaluate it. Very small time steps are well approximated, below 0.1 s even better than for the
uniform sampling. However, large time steps incur significant losses. This characteristic has a
reminiscence of the dependency of the error on the time step size seen in numerical approximation
schemes, see Section 3.2. If we look at the right panel (note the a logarithmic x-axis) that is
evaluated on the test dataset from the log-uniform distribution, we can get a more detailed picture.
In the region between 0.01 and 0.2, the blue curve and the shaded area are approximately linear –
the slope of the dashed line would correspond to the order p O(hp). Outside this region, we can
observe the effect of being close to the input domain boundary, i.e., the minimum and maximum
values of t. When training a model, the generalisation at the boundary is usually worse than in the
middle of the domain. The reason is that there are fewer points that determine the fit, and hence
overfitting and worse generalisation are the outcomes. Therefore, the conditional loss distribution
does not follow the dashed trend-line any more. We can observe a similar but less extreme effect in
the left panel for the uniform distribution (red). It slightly deviates from the dashed line towards
higher losses close to the boundary. In the right panel, this becomes a clearer, where small time
step have higher errors than for most of the remaining domain.

Loss conditional on the radius of the initial condition p(ℓ|r(x0))

Figure 3.21 shows the corresponding results of the loss conditional on the radius of the initial
condition. For the annular sampling, that aims to achieve an equal coverage of the unit disk in
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Figure 3.21: Conditional loss distribution p(ℓ|r(x0)) with annular (red), radial (green) and square
(blue) sampling. The solid line represents the median and the shaded area the range between
maximum and minimum loss.

the dimensionless state space, we obtain an error distribution that is nearly independent of the
radius of the initial condition. The argument for the boundary now only holds for the upper value
of r(x0), as a value of r = 0 corresponds to the equilibrium point, i.e., it sits at the centre of the
input domain. For the radial sampling, we observe a dependency on the radius, as there were
more points with a small radius in the training dataset. This leads to a better generalisation for
a small value of r(x0), but worse when we approach the boundary of the input domain. The
square sampling leads to an error distribution that is approximately independent of the radius up
to a value of r(x0) ≈ 1 as the training data points are equally spread over the area of the input
domain. However, the maximum radius is not equal in all “directions” in the state space as shown
in Figure 3.22. Therefore, the generalisation of the model trained with the square domain begins
to worsen from r ≈ 0.8 on. The other two sampling strategies maintain better accuracy up to r ≈ 1
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Figure 3.22: Flow maps for the different sampling domains X0 of the square (blue) and annu-
lar/radial sampling (red). Due to the non-linear dynamics the initially round and square domains
get distorted over time. In case of the square sampling, the effect is greater as the maximum radius
varies for t = 0.0 s.

(the boundary effect sets in), but then become even worse than the model trained with squared
sampling. This drop in accuracy is expected as it concerns generalisation beyond the training
domain. The overall higher loss for the squared sampling strategy can be attributed to the need
to learn a more complicated function. Avoiding large errors for r > 1 comes at the expense of
accepting higher error for r < 1. To be accurate though, this setup constitutes a slightly different
task T as the domain X0 differs from the evaluation on the other two test datasets. As this task T
seems to be more difficult, its less accurate solution is not surprising.

Implications for the choice of sampling strategy

These analyses lead to two conclusions. First, it is to be expected that the largest errors occur at
the sampling boundary. If we evaluated the performance metric on a reduced input domain, e.g.,
only for r < 0.9, we obtain a better performance. This is turn means, that to improve performance
for the original domain, we can extend the input domain for training, e.g., rmax = 1.2 to avoid the
boundary effect at r = 1. The same holds for the time step size t, extending to negative values of t

is also possible. Second, by changing the distributions p(t) and p(r(x0)), we can induce conditional
error distributions. More points in a region of the input domain allow for more controlled fitting of
the NN and hence better generalisation. However, it is preferable to incorporate these characteristics
by hard constraints, e.g., the architecture of the NN. For the case of the time step size h, we can
go back to Figure 3.3. The conditional error on the time step size h that shown, was achieved by
the Residual B formulation (the other curve corresponds to the simple residual formulation). The
conditional error will be dependent on the time step size as O(h2) for small time step size. By
using the architecture to ensure this numerical consistency, we can use the points in the dataset to
focus on the predictions for larger time step sizes.

In terms of sampling the initial condition x0, the equal coverage of the input domain is desirable.
At the same time, the “isotropy” properties, i.e., are there directional dependencies, seem to play a
role. Here, once more, the introduction of the dimensionless state space and the definition of the
radius r, proved to be of great value as it enables the analysis of a conditional error distribution
with respect to the initial condition.
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Figure 3.23: Best epoch E∗ for NNs, dtNNs, and PINNs (coloured), for different dataset sizes
(panels) and model complexities (x-axis).

3.6.5 Impacts on the training duration

So far, we have discussed many ways to influence the BVTO and the involved error characteristics
from the perspective of approximation accuracy, i.e., the loss Lx and the performance P on a task
T . However, when it comes to the decision which combinations of model complexity, dataset size,
and additional inductive biases to choose, the time required for training must also be taken into
account. We want to stress that the evaluation time is mostly unaffected by these choices, except
for the size and structure of the hypothesis class hθ which are the main drivers of the evaluation
time (see Section 3.2). Similar to the difficulty of quantifying the speed of different predictor
schemes (see Section 3.2), the analysis of the training duration has many influencing factors. To
disentangle those, we consider the number of epochs E∗ until the best performance is reached
and the time required per epoch CE . The total training time is proportional to each of them, i.e.,
CT = O(E∗ · CE). The following analyses investigate the influencing factors on each of them.

Best epoch - early stopping

As we elaborated earlier on, monitoring the loss on a validation dataset Lx(DValidation) is important
to identify the onset of overfitting the model to the training dataset DTrain. Under the premise
that the validation loss provides a reliable estimate of the generalisation17, the epoch with the
lowest validation loss would be ideal to stop, i.e., this defines E∗. Continued training would only
add training cost at no accuracy gains. In Figure 3.23, we plot E∗ against the model complexity
on the x-axis. The colours of the boxplots (we test 20 training runs) indicate the NN type, i.e.,
vanilla NN, dtNN, PINN, and the two panels show different training dataset sizes. We observe
that the medium complexity models train for the most epochs, they would even continue above
the set upper limit of 10000 epochs. Low complexity models can be fit very quickly due to fewer
parameters and quickly reaching the bias-dominated performance. The highly complex models
on the other hand, have enough representation capacity to fit the training data within relatively

17For the presented setups this was usually the case, very small datasets form an exception.



62 CHAPTER 3. PINNS FOR FORWARD PROBLEMS

0

0.1

0.2

0.3

0.4

0.5

0.6

low ← model complexity → high

T
ra
in
in
g
ti
m
e
[s
]

|DTrain|=500

low ← model complexity → high

|DTrain|=2000

NN type: vanilla NN dtNN PINN

Figure 3.24: Training time per epoch for NNs, dtNNs, and PINNs (coloured), for different dataset
sizes (panels) and model complexities (x-axis).

few epochs, additional epochs then lead to overfitting. The models with medium complexity can
improve for many more epochs, however, when factoring in the trends in the achieved accuracy,
e.g., Figures 3.7 and 3.15, these additional epochs do not always lead to a significantly improved
accuracy. In particular for larger datasets, the gains are relatively small but require many more
epochs. The improvements in accuracy from including dt-loss (Llhs, Lrhs) and the physics-based
loss Lc also require training for more epochs, except for low complexity models. The settings of the
L-BFGS optimiser do also play a role18, however, their analysis does not provide further useful
insights, unless going into great detail of the optimisation landscape and the optimiser itself, which
was out of the scope of this thesis.

Time per epoch

The other important driver for the training duration is how much time each epoch requires. As in
the previous section, we plot the time for the three NN types over increasing model complexities
and different dataset sizes. The results are shown in Figure 3.24. The two general and unsurprising
trends are that the time per epoch increases both with increasing model complexity and larger
datasets.

The trends, that we observe, align with the results presented earlier on speed. We expect larger
datasets and more complex models to require more time per epoch. However, the increased dataset
size has a sub-linear impact, i.e., a four-fold from 500 to 2000 data points does not lead to four
times longer training time. The reason presumably lies in the dependency of the evaluation speed

18Each epoch consists of multiple internal steps of the optimiser. The number of steps will influence the
improvement that we can achieve within each epoch. However, how many steps we ideally take is very dependent on
the loss landscape and the estimation of its Hessian. A dedicated analysis of the optimiser and its settings might
yield general insights, but this was beyond the scope of this work.
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on the number of points as discussed in Section 3.2. The evaluation of additional loss terms requires
also additional time, therefore, dtNNs require about twice the time of a regular NN. This is due
to the additional pass needed for calculating the time derivative d

dt x̂. The extra time for PINNs,
i.e., on top of dtNNs, depends on the number of collocation points, here 500, in comparison to the
dataset size. Therefore, the difference between dtNNs and PINNs reduces here with increasing
dataset sizes. The larger number of parameters for models with higher complexity leads to a longer
training time per epoch. For second-order optimisers, such as the used L-BFGS optimiser, this is
highly relevant due to the calculation or approximation of the Hessian of the loss with respect to
the parameters.

As mentioned before, the absolute numbers are hard to compare and effects like limited memory,
a concern with the L-BFGS optimiser, can occur. Furthermore, the settings of the L-BFGS
optimiser (not altered in these setups), such as the internal number of steps and the history size for
approximating the Hessian, play an important role for the training time per epoch.

Optimising for training speed

In this chapter, we focused primarily on achieving high accuracy – the necessary condition for NNs
to be an attractive alternative to conventional numerical schemes. The investigation of accelerating
their training will be an important step in future work on PINNs as flow approximators.

3.7 Characterising the learning task - related works

In the following, we want to give some more context to the presented results, both conceptually and
with respect to the literature. To this end, we begin by discussing the differences between discrete
and continuous approximators, i.e., flow map and flow approximators, and schemes that rely on a
direct prediction or a time-stepping scheme. Lastly, PINNs have been largely studied in the context
of PDEs rather than ODEs, hence, we want to provide a perspective on the implications when
using PINNs for ODEs.

The topic of PINNs has seen an enormous development over the past few years. The authors in
[82] state that the literature of this emerging field is “still disorganized, with a somewhat unstable
nomenclature” which matches our experience. Therefore, we refrain from discussing approaches in
all their detail, several comprehensive reviews have already been written [28], [30], [83], [84], but try
to organise concepts instead. In our view, a lot hinges around having clarity on the formulation of
the problem that we are trying to solve, as this allows the classification and comparison of methods.
Throughout this chapter, taking the viewpoint from the stable and established field of numerics
proved to be helpful, hence we will continue to do so. There are many other valuable viewpoints
that are worth mentioning without going into great detail. These connections can hopefully help
obtaining more clarity on the topic.

3.7.1 Discrete or continuous predictor? Direct or time-stepping method?

When setting up the learning task T in Section 3.3, we have skipped some decisions that ought
to be made beforehand. Let us consider the case that we want to predict the trajectory from the
current state, i.e., the initial condition x0 = x(t), up to time t = t0 + ∆t. The two vertical lines in
Figure 3.25 shall illustrate that time interval. In such a setting, we can decide if we predict the
entire interval at once or split it into smaller time steps of size h. The authors in [85] refer to it as
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direct and time-stepper methods, for the latter we will use the term time-stepping method. The
other important distinction is, whether we predict the output state in a continuous or a discrete
fashion – it is the question whether h is used as an input to the predictor (continuous) or if it
is fixed (discrete). For the former, we can adjust the size of h throughout the simulation of the
time-interval, for the latter we cannot. In the language of numerics and flows, the continuous
predictor approximates a flow Φ, a discrete predictor approximates a specific flow map ϕt.

Options to predict trajectories

If we are only interested in a single trajectory x(t;x0), the direct predictor does not need to
approximate the entire flow Φ which maps time and state to a new state Rn×R 7→ Rn; approximating
the particular trajectory which maps time to a state, i.e., R 7→ Rn is sufficient. The trajectory of
interest is a subset of the flow. As soon as we introduce a time-stepping scheme, we inevitably
encounter different initial conditions at the beginning of the time steps (unless the system is
in its equilibrium). If we want to use the same predictor for all time steps, this requires us to
approximate trajectories with different initial conditions, i.e., approximate a flow Φ̂ or a flow
map ϕ̂t. The simulation then only requires the repeated application of the flow or flow map, i.e.,
Φ̂(·, ∆t) = Φ̂(·, h)◦ Φ̂(·, h)◦ · · · ◦ Φ̂(·, h) or ϕ̂∆t = ϕ̂h ◦ ϕ̂h ◦ · · · ◦ ϕ̂h. When we use the continuous flow
approximation Φ̂, we can also alter h over the time interval. However, as we use approximations,
the properties of flows and flow maps as described in Section 2.2 do not hold any more. For
instance, the choice of the time step size matters as usually ϕ̂2h ̸= ϕ̂h ◦ ϕ̂h. If we reduce the size

x(t0) x(∆t)

Time t

Discrete

Continuous

Direct
approximator

Update function
approximator

Time-stepping
approximator

Time step
size h

Forward
problem

Inverse
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Figure 3.25: Schematic classification of ODE related approximators. They can be classified by
their time step size h, ranging from a direct approximator to time-stepping approximators for the
forward problem. In the limit of h→ 0 we obtain an approximator of the update function, i.e., a
solution to the inverse problem. For the forward problem, one can furthermore distinguish between
discrete and continuous approximators that correspond to flow map and flow approximators ϕ̂t and
Φ̂.
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of h towards 0, we obtain in the limit the update function f . At this point, we move from the
forward problem, i.e, approximating the trajectory, to the inverse problem, i.e., approximating f –
the output from the inverse problem is not any more a trajectory, but just the update vector. With
this categorisation in mind, we want to look at a few predictor schemes, mostly learning-based.

RK schemes

The RK schemes, explicit and implicit, both fall into the category of flow approximators Φ̂, i.e.,
continuous methods. As the accuracy is often limited to relatively small time step sizes h, we
pre-dominantly encounter them in time-stepping schemes. When applying RK schemes they may
seem “discrete”, as we only obtain a single state upon querying them, however, the function that
they describe is well-defined for a continuum of time step sizes, i.e., they are continuous methods.
This also holds for IRK schemes, even though we first need to solve a system of implicit equations.
As long as the implicit function theorem can be applied, the solution to this system of implicit
equations will describe, at least locally, a continuous function.

PINNs

PINNs, as we have presented them, fall into the same category as RK-schemes, i.e., continuous
flow approximators Φ̂. The IRK-PINNs as introduced in [26] form the exception, as they are
approximating flow maps ϕ̂t. With our proposed adaptation to include the time step size h as an
input, we recover the continuous flow approximator type also for IRK-PINNs.

RNNs, LSTMs - applying time-stepping internally

Recurrent Neural Networks (RNNs) summarise a class of models that build an internal representation,
a hidden state, which then is propagated through a sequence of operations [59]. By using the same
parametrisation of the operation, RNNs can achieve improved generalisation as the operation needs
to be applicable through the entire sequence. The authors in [49, Ch. 10] provide an introduction
to this sequence-based modelling approach. A special form of RNNs are Long Short-Term Memory
(LSTM) NNs [86], that alleviated a practical problem in training RNNs. It relates to the need to
retain some information throughout the entire sequence while others can be “forgotten”, the used
structure to achieve such behaviour are called gates.

When viewed from a dynamical system perspective, as in [87], [88], RNNs are closely linked to a
discrete time-stepping scheme. In fact, each step of the sequence evaluation can be seen as a flow
map approximation ϕ̂t. As the propagated hidden state usually does not equal the state of the
physical system x, the computations internal to the RNN become a flow map to an ODE of the
hidden state. The system state x will be recovered based on a transformation of the hidden state.
The step size h cannot be adjusted in this architecture, and it is also not an input.

Operator learning and Koopman operators

Mathematically speaking, the temporal integration can also be seen as an operator that maps
between two function spaces. The flow Φ defines such an operator. By learning this integration
operator in which the initial conditions, control inputs, and system parameters can be parametrised,
we obtain a flow approximation Φ̂. The idea to learn operators was first introduced as DeepONets
in [89] and led to several interesting works such as Fourier Neural Operators [90], Physics-Informed
DeepONets [91], Physics-Informed Neural Operators (PINO) [92], and Neural Operator learning
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[93]. When comparing this approach to the presented view of PINNs as flow approximators, they
differ on the level of the hypothesis class. It is proven that operators can be approximated with
NNs [94] and works like [95], [96] attempt to identify error bounds and convergence guarantees.
These questions are also asked for PINNs, e.g., in [82], [97]. By moving from approximating a single
trajectory to approximating a flow, it becomes apparent, that we effectively apply a form form of
operator learning with PINNs.

The study of operators is not exclusive to Machine Learning (ML), the so-called Koopman operator
[98] – see a comprehensive review in [99] – has a long history in studying non-linear dynamical
systems. The operator is linear, which means that applying it to non-linear dynamical systems
allows us to then treat these systems like linear dynamical systems. The crux lies in the fact, that
the Koopman-operator is an infinite-dimensional operator; therefore, we need to find tractable
finite-dimensional representations of the operator. Learning representations from data (experience)
is what ML and data-driven methods excel at, hence, linking these concepts seems natural.

NeuralODEs, HNNs, LNNs - approximating f

A number of approaches have been proposed to approximate f based on observed data. Examples
are Neural Ordinary Differential Equations (NeuralODEs) [100], Hamiltonian Neural Networks
(HNNs) [32] and Lagrangian Neural Network (LNNs) [33]. The goal is to describe the update
function f without specifying the functional form of the ODE; it is the inverse problem which we
will discuss in Chapter 4. The learned NN does not represent a flow or flow map approximation,
hence, the simulation of a trajectory will require a separate ODE solver. HNNs and LNNs formulate
the learning problem such that the conservation of energy in Hamiltonian or Lagrangian coordinates
is guaranteed. It is a good illustration of how an inductive bias founded on domain knowledge can
be included in the NN architecture and thereby boost performance.

3.7.2 Specifying the task
This brief overview of prominent modelling approaches shows the range of models from which
modellers can choose. Specifying the task in more detail will determine which approaches are
suitable and which are not. Hence, we want to give a few considerations on what makes tasks
difficult or easy (see Sections 3.3 and 3.4)

The difficulty of the learning task T for continuous schemes depends on the maximum time step
size hmax that we choose. The larger h is, the more “volume” of the flow we have to predict and
non-linearities might become more pronounced. Therefore, learning a direct solution becomes
increasingly difficult with longer time intervals – a problem termed “long-time integration” which
PINNs are not ideally suited for and where operator learning might help [91]. In this context,
temporal causality that affects the training of PINNs, as [80] describes, poses a challenge for large
hmax .

For discrete schemes, the time step size h does not directly affect the learning difficulty, it rather
depends on how well the non-linearity can be captured. A more difficult decision is the choice of
the time step size itself. As [101] exposes, learning continuous systems with inherently discrete
models requires additional attention to phenomena of overfitting to certain discrete cases, i.e., to
the time step size used for training.

The choice of the optimal maximum time step size will eventually come down to the global
approximation error. The global approximation error depends on the local approximation error and
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the number of time steps as the local approximation error can compound. For continuous numerical
schemes, one can analyse the resulting order of a scheme. Under conditions of Lipschitz continuity
and convergence of the approximator, the global approximator error scales with O( 1

h hp+1) = O(hp)
where p is the order of a scheme, see, e.g., [11], [12]. For RK4 this means that the global
approximation error scales as O(h4); we do not know its absolute magnitude though. In Section 3.6.4
we analysed error characteristics for PINNs. As there can be regions where the local approximation
error scales as O(1), i.e., it is independent of the time step size, fewer but larger time steps can
reduce the global approximation error. However, learning a larger time step size will also make the
learning task T harder, which in the worst case can lead to larger local approximation errors. For
discrete approximators the similar logic of aiming for fewer but larger time step sizes can be made
as long as the local approximation errors remain low.

The input domain for the initial condition X0 plays an important role for both types of schemes,
continuous and discrete ones. The flow or flow map approximator needs to cover the entire range of
states X that can be encountered at the end of each time step as a potential input X0. In the limit
of very small time steps the predictor needs to be trained on all points that are encountered during
a trajectory. This will usually enlarge the set X0 significantly, making the task harder. Contracting
systems form an exception as the set of reached states X will shrink with increasing time. In
dynamical system theory, the study of how these sets evolve and depend on the system is well
established, e.g., see alpha and omega limit sets [53]. The need to train the approximator on the
larger set of reached states X , rather than only on the set of initial conditions that are eventually
of interest, can be a drawback of time-stepping scheme. Direct approximators, in contrast, only
need to cover the initial states that are of interest at t0.

3.7.3 ODEs as a simpler case of PDEs?
The research on PINNs applied to PDEs has been thriving as recent reviews [28], [30], [83], [84]
show. They cover all types of approaches from novel architectures to dataset sampling strategies
to shaping the loss function. The study object, however, is often a set of standard of PDEs -
Burger’s, Schrödinger’s, Poisson’s equation. Therefore, we have to ask if learning solutions to ODEs
is equivalent or how it differs.

An ODE can be written as a PDE
∂x

∂t
= f . (3.36)

The only dependent variable of an ODE is time t and its solution is x(t). For PDEs, such as the
heat conduction equation

∂u

∂t
= ∂2u

∂x2 , (3.37)

there will be multiple dependent variables, here time t and a spatial coordinate x and the solution
will be described as u(t, x). To obtain a unique solution for x(t) or u(t, x) we need to specify the
boundary or initial conditions. These conditions can be parametrised with independent variables.
System parameters also count as independent variables.

In this chapter, we used PINNs to predict a flow Φ instead of a single trajectories x. It may appear
that the initial condition x0 is thereby turned into a dependent variable. This is not the case as
the governing ODE / PDE is

∂Φ
∂t

= f . (3.38)
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For x0 to be a dependent variable we would require a term such as ∂Φ
∂x0

. For the learned approximator
Φ̂, one could evaluate ∂Φ̂

∂x0
, it would even carry the interesting meaning of a sensitivity of the

resulting trajectory with respect to its initial condition. However, we cannot use this term in a
PINN-like loss that penalises unphysical solutions.

Therefore, we have to distinguish between the dependent and independent variables when comparing
ODEs and PDEs, e.g., in terms of their dimensionality. A 3D-PDE with t, x, y being dependent
variables is different from an ODE with t as the dependent variable and x0 ∈ R2 as a two-dimensional
independent variable – even though one might be tempted to say that it also has “three dimensions”
in total. Solving ODEs with conventional numerical schemes is usually easier than solving PDEs
as only one dependent variable, which requires discretisation, is present. Furthermore, we can
solve ODEs for different values of the independent variables in parallel, e.g., simulating different
trajectories.

This has also implications for the learning problem. For different values of independent variables,
we can compute their respective solutions and create a dataset with exact solutions. PINNs, as
usually applied to PDEs, do not alter independent variables, therefore, there is no possibility for
generating a dataset with parts of the solution. For this reason, we were able to propose the
use of the dt-loss term for ODEs. In a PDE-setting with no independent variables, evaluating a
corresponding term is not possible. The proposal of operator learning, e.g., DeepONet [89], aims
at including variations of independent variables for PDEs. For this reason, one might consider
our approach of learning the flow Φ of an ODE as a form of operator learning. In our view, the
study of ODEs as a particular case of PDEs should, nonetheless, receive special attention as many
ODEs, that describe dynamical systems, do have a large number of independent variables: the
initial condition x0, the vector of control inputs u, and the system parameters λ. This leads to a
high-dimensional learning problem with its own challenges.

3.8 Concluding remarks

From this in-depth investigation of using PINNs for approximating the flow Φ of a dynamical system,
we conclude that PINNs have very attractive numerical characteristics. As an explicit approximator,
they are fast to evaluate, but in contrast to explicit RK schemes, they can also be accurate for long
time step sizes – an unusual but highly desirable characteristic. By adjusting the architecture of
the hypothesis class hθ, the essential numerical feature of consistency can also be ensured. This
describes a trained PINN though. It requires a learning process that, while conceptually simple,
needs to navigate a large space of potential inductive biases to improve the learned outcome.
These inductive biases are the key to good generalisation of the resulting models without requiring
extensive simulated datasets. Changes to the architecture of the hypothesis class hθ appeared to be
the most efficient approach in this context. Furthermore, the definition of the suitable task T plays
an important role in the learning procedure. This includes the selection of the maximum time step
size that shall be learned, the definition of the range of initial states, the performance metric, and
a suitable scaling of the system’s states. We observed that the achievable accuracy in the training
is one objective, however, it has to be balanced with the involved computational effort. Different
setups can lead to similar performance but with widely ranging overall computational cost.

In the presented case, we can visualise the flow, consider states one-by-one instead of aggregated,
and analyse errors in the various input dimensions to use visual insights to enhance understanding.
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To a large extent, higher dimensional state spaces will prevent such intuition-building methods.
Instead, we have to represent the quality of the model and its ability to generalise in few metrics,
ideally a single number such that all tested models can be compared easily. To this end, theory
building at the intersection of dynamical systems, numerical methods, statistics, and ML will be
required - this chapter should have highlighted the need for all these disciplines.

In future work, we will, first and foremost, focus on extending the application of PINNs to a variety
of dynamical systems that describe more complex dynamics and flows. This complexity can arise
from a larger number of states, largely different time-scales (stiff ODEs), the variation of control
inputs and system parameters, or discrete and algebraic variables in the description of the system
dynamics. It will require to further formalise the concept of the dimensionless states and to develop
a rigorous framework for the analysis of errors. By seeking a close connection to the emerging
field of operator learning, advanced hypothesis classes will be developed. In this thesis, we did not
investigate the influence of the optimiser and its setting in great detail. However, understanding
the mechanics of the involved optimisation, which is closely related to the loss landscape, might
lead to accelerating the learning and improving its outcome.





CHAPTER 4
PINNs for inverse problems

The first step before solving a forward problem, as in the previous chapter, is to solve the so-called
inverse problem, also known as system identification: We try to find a model fλ parametrised by λ

that could have generated the data points observed in a given dataset D, e.g., from experiments or
operational data. This chapter will show how Physics-Informed Neural Networks (PINNs) offer a
powerful while generic approach to this problem when Ordinary Differential Equations (ODEs)
define the model. The use of Bayesian Neural Networks (BNNs) and Bayesian Physics-Informed
Neural Networks (BPINNs) provides a probabilistic framework for solving such an inverse problem.
At the same time, we adopt this probabilistic perspective also for the training of PINNs to analyse
the relationship between fitting the data and the physical model. It gives a mean to inform the
choice of the loss weighting parameters αc used in Section 3.5. It will become clear that the concept
of PINNs naturally bridges the gap between the often separately treated forward and inverse
problems.

We start by defining in Section 4.1 the problem of determining a suitable model fλ and introduce
relevant concepts. Section 4.2 then presents the estimation framework that PINNs provide. Within
this framework, we first approximate the trajectory in Section 4.3 before estimating the ODE
parameters in Section 4.4. We consider alternative approaches in Section 4.5 that underline the
attractiveness of PINNs in this context and conclude in Section 4.6.

4.1 Problem setup and concepts

This section briefly introduces the concrete problem setup and the relevant components of the
solution approach. As we keep this description very concise, we refer the interested reader to
the following textbooks for more detailed descriptions: The author in [102] describes the inverse
problem in the context of system identification, in [48] the statistical learning view dominates, and
[103] gives an in-depth Bayesian perspective.

4.1.1 Problem formulation

We begin by defining a dataset D that collects |D| = N measurements stemming from a dynamical
system

D = {(t(1),y(1)), (t(2),y(2)), . . . (t(N),y(N))}. (4.1)

They map from time t ∈ R to the observation y ∈ Rm. The problem could be extended to include
variables other than time as the input, but for a dynamical system these inputs could also be
expressed as a time-varying variable in the model f . Therefore, the single input dimension of time
is sufficient for explaining the observations. We assume that the measurements are generated by

71
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the following dynamical system:

d

dt
x = fλ(t,x) (4.2a)

y = g(x) + ε (4.2b)

ε ∼ N (0, Σ). (4.2c)

The observations y are linked to the state x ∈ Rn by the observation function g(x) : Rn 7→ Rm,
but they are, additionally, subject to normally distributed noise ε ∈ Rm with mean µ = 0 and the
covariance matrix Σ.

The assumed model function will be the update function of the classical machine model connected
to an infinite bus, i.e., the differential equation used in Chapter 3 and defined in (3.2)

d

dt

[
δ

∆ω

]
=
[

ω0∆ω
1

2H

(
Pm −D∆ω − EV

X sin δ
)

.

]

Hence, the parameters of this model are the three coefficients λ = [H, D, EV
X ] which remain to

be determined. Furthermore, we assume all states to be directly observable, i.e., g(x) = I with I

being the identity matrix. This is chosen for simplicity in the presentation, but is not a required
assumption. The covariance matrix Σ is assumed to be unknown but diagonal, that means all
states are independently disturbed. Once more, this assumption can be lifted. We will use the
notion of the dimensionless state x̃ = T (x) also for the observations ỹ = T (y) (see Section 3.3).
As we do not know the parameters λ, we cannot use the same transformation T as in the forward
problem, however, by instead performing a standardisation T ′, i.e., subtracting the mean and
dividing by the standard deviation, we obtain a comparable effect. When we compute norms in
these coordinates, the norm will carry the subscript T , i.e., ∥·∥T . Furthermore, we assume that the
noise has the same magnitude in each of the dimensionless coordinates, i.e., Σ = σyI. A value of
σy = 0.01 corresponds to noise of 1% relative to the dimensionless observation ỹ.

4.1.2 Maximum likelihood (MLE) and maximum a posteriori (MAPE)
estimators

With an inverse problem we aim to obtain a parameter estimate θ̂ from a dataset D. In this and
the next section we will use the standard notation of θ to represent a parameter. From Section 4.1.4
onwards, we return to the otherwise used notation, i.e., using θ for the Neural Network (NN)
parameters and λ for the ODE parameters. In order to obtain a parameter estimate θ̂, there are
two main approaches, namely the Maximum Likelihood Estimator (MLE)

θ̂ML = arg max
θ

p(D|θ) (4.3)

and the Maximum a Posteriori Estimator (MAPE)

θ̂MAP = arg max
θ

p(θ|D). (4.4)

The MLE originates from a frequentist’s perspective where we seek to maximise the likelihood that
a certain parametrised model generated the data. The Bayesian approach behind the MAPE, in
contrast, assumes that the parameter estimate θ̂ is a distribution itself, and before observing any
data, we already have a prior on these model parameters p(θ). The MAPE selects the mode of this
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posterior distribution, but one could also choose, e.g., the expected value of the posterior E[p(θ|D)].
The estimates obtained from the two viewpoints agree in the limit of many data points, but in
settings with scarce data the estimates can differ significantly.

To evaluate the posterior distribution p(θ|D) for the MAPE, we apply Bayes rule

p(θ|D) = p(D|θ)p(θ)
p(D) . (4.5)

However, its calculation requires the integration

p(D) =
∫

θ

p(D|θ)p(θ)dθ. (4.6)

This integral is analytically only solvable when the two distributions stem from the same family
of distributions, known as being conjugate to each other [104]. If this is not possible, we use the
unnormalised posterior distribution

p(θ|D) ∝ p(D|θ)p(θ) (4.7)

for which we can obtain an approximation. Section 4.1.3 briefly presents two common approaches.
The MAPE then chooses the mode of this approximated distribution, the scaling due to the missing
normalisation does not affect the estimate.

When we approximate the posterior, we directly obtain a distribution of estimates from which can
quantify uncertainty. In contrast, the MLE only provides a point estimate, but we can calculate a
confidence band by utilising the Information Matrix I

I(θ) = − ∂2

∂θ∂θ⊤ log p(D|θ). (4.8)

As it is the Hessian of the log-likelihood, it captures the curvature at the obtained estimate and
hence the sensitivity of the log-likelihood with respect to the parameters. For further details we
refer to [48].

4.1.3 Approximating the posterior p(θ|D)

The evaluation of the posterior distribution p(θ|D) poses the great computational challenge in
Bayesian statistics. Here, we will only give a very high-level overview as the algorithmic details
are out of the scope of this thesis. We refer to [103] for a comprehensive introduction to the topic.
Two standard approaches are sampling-based and distributional approximations. For this work, we
use a Hamiltonian Monte-Carlo (HMC) sampling-based approach, based on the observations in [46]
regarding the approximation quality.

HMC-based algorithms utilise the idea to approximate a distribution by drawing samples, i.e.,
using a Monte-Carlo approach. As this can be very inefficient for high-dimensional and complex
distributions, Markov-Chain Monte-Carlo (MCMC) methods use previous samples to inform where
the next sample should be drawn. In HMC algorithms, this relation is described by forming an
auxiliary Hamiltonian dynamical system [105]. The specific implementation used in this work is the
No-U-turn sampler (NUTS) [106] implemented in NumPyro [107], [108]. The described improved
sampling algorithms still face the challenge of tractability. Furthermore, it can be challenging to
determine suitable hyperparameters and to decide whether the algorithm converged to a stable
approximation of the posterior.
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Figure 4.1: Architecture of a Bayesian Neural Network (BNN).

A more lightweight alternative can be variational inference (VI) algorithms, that approximate
the posterior with simpler distributions to improve tractability. Algorithms such as stochastic
variational inference [109] and Stein variational inference [110] allow the scaling to large datasets.
Variational inference algorithms hinge all around the choice of the “simpler” distribution to express
calculations analytically, but it can lead to limitations with respect to the degree of complexity of
the posterior distribution.

4.1.4 Bayesian Neural Network (BNN)

If we view learning the parameters θ of a NN, such as in Chapter 3, from a probabilistic viewpoint,
we are obtaining a MLE of these parameters. Under the assumption of Gaussian noise, the MLE is
obtained by minimising the familiar loss function

θ̂ = arg min
θ

1
|D|

∑
i∈|D|

∥∥∥x̂(i) − x(i)
∥∥∥2

T,2
(4.9)

= arg min
θ
Lx (4.10)

Appendix C provides a short derivation, it can also be found in standard textbooks, e.g., [49]. If
we use this MLE without any further modifications, we easily obtain overfitting models that do not
generalise well. Hence, we include inductive biases such as regularisation and early stopping to
prevent such outcomes and improve generalisation. This can be viewed as a prior in a Bayesian
setting as elaborated many times [64], [111], [112]. Thereby, we obtain a MAPE but without
approximating the posterior explicitly. This eases the computation, but we loose the additional
information that the posterior can provide with respect to uncertainty estimates.

In a BNN [113], in contrast, the weight and bias parameters θ that define the linear transformations
of the layers (see Section 2.3) are considered to be distributions instead of single values. Thereby,
we define a distribution of NN models for a specific hypothesis class hθ. Figure 4.1 provides a
schematic illustration, we omitted the bias variables in the layers. By using marginalisation over
these distributions of θ, we aim to find suitable weight distributions, i.e., the posterior of the NN
parameters. The authors in [114] elaborate on the difficulties that arise in the approximation of
posterior when using Markov-Chain Monte-Carlo-based methods and other important aspects such
as the choice of a prior.
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4.2 The PINN estimation approach

The approach of using PINNs for inverse problems, as introduced in [26], can be split into two
flows of information as visualised in Figure 4.2. The first one, represented in the upper half, is the
estimation of a trajectory. It is based on the dataset of measurements D, i.e., t and y. We use
a NN with hypothesis class hθ and a parameter set θ to estimate the trajectory x̂ for the input
values t. After applying the observation function g(x), we can form the model likelihood based on
y, ŷ, and σy. Using this likelihood, and potentially the priors p(θ) and p(σy), allows the estimation
of the parameters θ and σy. The second flow of information, shown in the lower half, evaluates
the continuous trajectory estimate on the collocation points from Dc, i.e., we obtain x̂c and with
Automatic Differentiation (AD) also d

dt x̂c. By calculating the difference f̂ = fλ(x̂c)− d
dt x̂c, we

can form another likelihood function, that depends on λ, θ, and the “noise” σf for the estimation
of the ODE parameters. It allows the identification of the parameters λ but it will also affect θ.

This basic setup can be used with or without priors. If they are not included, we use MLEs – the
training of NNs and PINNs [26] corresponds to this case. When priors are included, a MAPE is
employed; it corresponds to a BNN for the trajectory estimation, i.e., the upper half of the figure,
and to a BPINN for the ODE parameter estimation as proposed in [46].

We will first formulate the different components in the workflow in Figure 4.2. Section 4.3 then
illustrates the use of NNs and a BNN for the trajectory estimation before Section 4.4 continues
with the ODE parameter estimation task, i.e., using PINNs and a BPINN for the estimation of λ.

The approximation of ŷ

ŷ = g(x̂) = g(hθ(t)) (4.11)

by the hypothesis class hθ = x̂ parametrised by θ will be the first objective. The likelihood
p(D|θ, σy) under a Gaussian noise assumption with standard deviation σy becomes

p(D|θ, σy) =
|D|∏
i=1

1√
2πσ2

y

exp

−∥∥ŷ(i) − y(i)
∥∥2

T,2

2σ2
y

 . (4.12)

This likelihood is not only dependent on the parameters θ, but also on the estimate of the observation
noise (given that it is unknown), hence, we also have to provide an estimate for σy. For quantifying
the mismatch between observation and prediction, we use the norm in the transformed coordinates.
This choice incorporates the idea of measuring the distance in the dimensionless states that we also
used in Chapter 3. As we set g(x) = x, we can simply use this interpretation, for a different form
of g(x) the norm might need to be redefined as well. If we include priors p(θ), p(σy), they will be
a multi-variate normal distribution and a log-normal distribution

θ ∼ N (0, I) = 1√
(2π)|θ|

exp
(
−1

2 ∥θ∥
2
2

)
(4.13)

log σy ∼ N (σy,µ, σy,σ). (4.14)

Whenever not explicitly stated, we use σy,µ = log(0.1) and σy,σ = 0.25.

The likelihood function for the ODE model formulates as

p(Dc|θ,λ, σf ) =
|Dc|∏
i=1

1√
2πσ2

f

exp

−
∥∥∥f̂ − 0

∥∥∥2

T,2

2σ2
f

 , (4.15)
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Figure 4.2: Flowchart of the estimation process with PINNs and BPINNs. The blue boxes
represent the datasets used, the red boxes stand for deterministic functions. The yellow boxes
signify likelihoods or priors and the orange boxes correspond to the model parameters. The upper
half of the figure show the quantities and functions involved in the trajectory estimation. The lower
half illustrates the process of the ODE parameter estimation.

where f̂ = fλ(x̂)− d
dt x̂ evaluates the mismatch of the left-hand and right-hand side of the ODE,

it is the same concept as in Section 3.5.1. Once more, we use the dimensionless states for the
calculation of the norm. The likelihood depends on the ODE parameters λ, the NN parameters θ

(as they determine x̂), and an uncertainty estimate on the physics loss σf . We will come back to the
significance of σf in Section 4.4.2. For each of the ODE parameters, we use a Gamma-distribution
Γ due its support on the positive numbers and as it has a weakly informative character for our
problem

λi ∼ Γ(3, 1). (4.16)

4.3 Estimating a continuous trajectory with NNs and BNNs

We begin by estimating the trajectory which will form the basis for the following estimation of λ.
The test consists of the estimation of the trajectory based on a small and then a larger dataset. We
first test a collection of 50 NNs, i.e., 50 vanilla NNs that are trained entirely independent of each
other. They all constitute MLEs, but their estimated parameters will differ due to the different
initialisation of the parameters θ. The initialisation is based on a Glorot-Normal distribution [76].
On the other hand, we train a BNN on the same dataset. We choose this comparison to highlight
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that the collection of NNs and samples from the BNNs are not equivalent in the estimation that
they provide1.

Collection of NNs

The first dataset has size |D| = 9. Figure 4.3 illustrates the range of the predictions between the 5th
and 95th percentile (blue shade) and the median prediction (blue line) evaluated at different epochs
represented in the three columns. The percentiles are evaluated on the predictions, independently
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Figure 4.3: Trajectory estimation based on a collection of 50 NNs trained on a noise-free dataset
with |D| = 9. The columns show the epoch, i.e., the training progress.

for each point in time. This means that the median line does neither correspond to a “median
parameter set” nor a single model; we calculate statistics over the collection of predictions. The
true trajectory is shown as the dashed black line and the stars indicate the supplied data points.
After one epoch the different NNs already capture the main trend in the data but still show some
variation. After a few more epochs all points are exactly fit and, across the different models, we only
observe small variations in between the data points. Training longer does not have an effect here,
as we reached the optimiser’s tolerance. In contrast, for a larger (|D| = 41) and noisy (σy = 0.2)
dataset as shown in Figure 4.4, the models visibly overfit after 100 epochs. At an earlier epoch
(5), the models are in great agreement and yield a much better fit, knowing the target trajectory.
Given the present noise, the loss value at this epoch would be acceptable, but without a validation
dataset or a fixed early stopping criterion, the optimisation proceeds to also fit the noise.

1Using a collection of models, here NNs, to improve predictions is a concept that forms the basis of many
powerful learning approaches. Such methods, that are based on, e.g., bagging, bootstrapping, boosting, ensembles,
generate various candidate models that are then combined in a specific way to obtain a prediction and often even an
uncertainty quantification. If there is the right amount of diversity in the models, such approaches implicitly yield
an approximation of posterior distribution in the Bayesian setting. We refer to [48] for an overview of the methods
and an in-depth treatment of the associated Bayesian interpretation. In the presented case, the varied initialisation
of the NN parameters does not lead to enough diversity in the models. Therefore, an uncertainty quantification
based on the collection of NNs is not informative.
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Figure 4.4: Trajectory estimation based on a collection of 50 NNs trained on a noisy dataset with
|D| = 41. The columns show the epoch, i.e., the training progress.

BNNs

We repeat the experiment with exactly the same small and larger dataset with a BNN, shown
in Figures 4.5 and 4.6. The coloured area represents again the range between the 5th and 95th
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Figure 4.5: Trajectory estimation using a BNN trained on a noise-free dataset with |D| = 9. The
columns show different prior settings.

percentile of the estimated trajectories2. These predictions now stem from the “sampled models”
2This corresponds to the posterior distribution, not the posterior predictive distribution as we do not marginalise

over the noise estimate for the plot. This would be relevant for predicting the next observed value, we instead care
about the noise-free estimate which we will use for the inference of the ODE parameters λ.
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that we collected when applying the HMC algorithm for the estimation of the posterior distribution3.
The number of drawn samples should be chosen such that the resulting statistical moments of the
posterior do not change. For this reason, the HMC algorithm has a so-called warm-up phase. The
samples generated during this time are not used for the trajectory estimation. The three different
columns now correspond to different parametrisations σy,µ of the prior p(σy) on the observation
noise.

We can clearly observe a strong effect of the prior for the small dataset. For a tight prior (small
σy,µ), the data points are fit nearly exactly and an uncertainty is only visible in between the points.
The widest prior, in contrast, leads to a significant bandwidth around the observations. Even
at the point itself, the prior causes the model to not fit the data points exactly. As we gather
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Figure 4.6: Trajectory estimation using a BNN trained on a noisy dataset with |D| = 41. The
columns show different prior settings.

more evidence, e.g., from a larger dataset, we gain more independence from the prior as shown in
Figure 4.6. This illustrates the importance of a prior well, as we can only overturn it when there
is enough evidence present, as it is the case for the larger dataset. With few data points there is
simply no way to decide upon the magnitude of the noise, hence, we rely on the prior. But even for
large datasets the choice of an appropriate prior is important due to its effect on the estimation
algorithm in terms of accuracy and speed of convergence to a stable posterior.

Noise and loss estimation

These observations are best explained by returning to the formulation of the MLE and MAPE. By
applying the natural logarithm to the MLE in (4.3), we obtain the following optimisation problem

3We, of course, sample the parameters θ and only thereby a model. However, the parameters are not interchange-
able across models, therefore, “sampling models” provides the better idea.
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(see Appendix C for the derivation) for the parameters θ of the NN

θ̂ = arg min
θ

1
|D|

|D|∑
i=1

∥∥∥ŷ(i) − y(i)
∥∥∥2

T,2
(4.17)

= arg min
θ
Ly. (4.18)

The optimisation corresponds to the usual training encountered in Chapter 3 (we there use Lx to
denote this loss as it is based on the state x, but the formulation otherwise matches). The noise
estimate σ̂y, however, does not occur in this formulation, but it is directly dependent on the loss
value Ly

σ̂y = arg min
σy

1
2 log

(
2πσ2

y

)
+ 1

2σ2
y

(
min
θ
Ly

)
(4.19)

=
√
Ly(θ̂). (4.20)

This relation explains why we need a validation dataset: A NN with sufficient representation
capacity could fit nearly all points perfectly, i.e., Ly would approach 0, and in that case the noise
estimate σ̂y would also be nearly 0. By evaluating a separate validation dataset, we effectively
obtain a noise estimate independent of the training dataset, and can then stop the training early as
soon as σ̂y increases, i.e., the validation loss increases. We can also turn the argument around: If
the noise estimate is accurate, we know the value the loss should approximately assume for the
model to not overfit.

If we instead run a MAPE by adding a prior on the noise and the NN parameters, we obtain the
following optimisation

θ̂, σ̂y = arg min
θ,σy

log
(
2πσ2

y

)
+ 1
|D|
|θ| log(2π) + 2

|D|
log(σy)

+ 1
|D|

log(2πσ2
σ) + 1

σ2
σ

1
|D|

(log(σy − µσ))2

+ 1
σy

2

 1
|D|

|D|∑
i=1

∥∥∥ŷ(t(i))− y(i)
∥∥∥2

T,2
+ σy

2

|D|
∥θ∥2

2


(4.21)

The term in the last row in the above formula corresponds to a L2-regularisation of the NN
parameters θ. Its influence on the solution decreases as the dataset size increases, hence, its
influence will be strongest in small dataset settings. If we fixed σy, we could optimise the bracket
over θ, i.e., perform a L2-regularised NN training, without the complicating noise estimate σy.
When choosing a regularisation strength as a hyperparameter, we apply exactly this trick – we
implicitly assume and fix a noise estimate σy. As soon as σy is also free to choose, the problem
becomes more intricate. These considerations are well established, see e.g. [111], but they will help
us in the understanding of the following section on estimating the ODE parameters λ.

4.4 PINNs and BPINNs for estimating ODE parameters

We now move to the original goal, i.e., estimating the parameters λ of the ODE. We return to the
likelihood of the ODE model (4.15). However, since it also depends on the NN parameters θ we
have to include the likelihood of the trajectory estimation (4.12), which leads to the joint likelihood

p(D,Dc|θ, σy,λ, σf ) = p(D|θ, σy) p(Dc|θ,λ, σf ). (4.22)
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Corresponding to the previous section, we can again choose to pursue an approach based on a MLE
or a MAPE. For the former the NNs are turned into PINNs and for the latter the BNN is turned
into a BPINN. We first discuss the resulting parameter estimates and then show the mathematical
reasons for the results.

4.4.1 Accuracy of ODE parameter estimates

We conduct this estimation on the two previously used dataset sizes (|D| = 9 and |D| = 41) but
now in a noise-free (σy = 0.0) and noisy setup (σy = 0.2) for each of them. We begin by explaining
the results shown in Figure 4.7 that were obtained on the noisy small dataset. The x-axis plots the
relative estimation error, i.e., we aim for a value of 0. As discussed earlier, a PINN corresponds
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Figure 4.7: Comparison of the relative estimation error (λ̂i − λi)/λi for a single PINN (black
MLE and confidence interval in grey) and a BPINN (posterior distribution and MAPE in orange)
based on a noisy dataset (|D| = 9, σy = 0.2). The panels represent the different parameters.

to a MLE, shown in Figure 4.7 as the black dashed line. It is a point-estimate but by using the
Information matrix I for the obtained estimate, we can provide a 95% confidence interval4 around
this estimate, indicated by the grey shaded area. By design, we obtain a posterior distribution for
a BPINN, shown as the orange solid line. We derive the MAPE by determining the mode of the
distribution, indicated by the orange dashed line.

The MLE and MAPE of a PINN and the BPINN match fairly well and so does the confidence
interval with the range of the posterior. We now compare (as in the previous section) a collection
of 50 PINNs against the BPINN estimate. In the following, the boxplots represent the distribution
of the MLE of the 50 PINNs, we do not plot their confidence intervals to avoid clutter. For the
BPINN, the boxplot displays the same distribution as seen in Figure 4.7. The resulting parameter
estimates are shown in the four panels in Figure 4.8. The panels along the vertical axis have the
same dataset size and the panel along the horizontal axis share the noise scale. The grouping of
the three boxplots corresponds to the estimates for the ODE parameters λ = [H, D, EV

X ] (in that
order) evaluated as the relative estimation error, i.e., λ̂i−λi

λi
. Note, that the y-axis has different

scales for the noise-free and noisy case. For the noise-free case the estimates are highly accurate
for the collection of PINNs and the BPINN. For the noisy case on the small dataset, we observe

4Assuming the percentiles of a standard normal distribution, the range is calculated by λ̂± 1.96
√

I(λ̂)−1
jj , where

jj corresponds indicates the entry of the respective parameter (see (4.8) and [48, p.266])
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Figure 4.8: Relative estimation error of the ODE parameters λ (in the order [H, D, EV
X ] in each

group of boxplots) for the collection of PINNs and a BPINN. The panels in a column correspond
to the same dataset size and in a row to the same noise magnitude.

biased parameter estimates, most notably for the damping coefficient D (Figure 4.7 corresponds to
this result for the BPINNs and one of the PINNs). Increasing the dataset size reduces this bias
significantly. This improvement can be attributed to a more accurate estimation of the trajectory.
For the noise-free case we obtain a near perfect estimation of the trajectory, hence, the parameter
estimates can be fitted very accurately. This underlines the importance of the estimation of the
trajectory that we discussed in the previous section.

Furthermore, we observe in Figure 4.8 that ÊV
X consistently has the least bias and the lowest variance

and D the most. This can be explained by considering their role in the ODE. The coupling between
the two states δ and ∆ω acts through EV

X (we assume ωs to be known). Therefore, data points
from both states provide evidence. The parameters H and D, in contrast, are entirely dependent
on an accurate approximation of the trajectory of ∆ω. If it is given (as for the noise-free cases), we
obtain a very accurate estimate; if not, it leads to errors in the estimates. Here, understanding the
trajectory as a damped oscillation helps. The frequency of this oscillation is mostly determined by
H and the damping by D. When going back to Figure 4.5, the visual impression suggests that the
frequency of the oscillation can be easier identified than the damping of the trajectory. Therefore,
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the estimation of H is more accurate than the one of D.

What may surprise is how close the MLE and MAPE are and how well the confidence interval
matches the posterior distribution. Furthermore, the MLEs are very consistent as we saw in
Figure 4.8 with respect to the initialisation of the PINN. The reason stems from the fact that
the dataset of collocation points, we chose |Dc| = 201, provides a lot of evidence. Under such
“evidence-rich” circumstances the frequentist’s and Bayesian perspectives align and should lead to
the same outcome as our observations confirm. Still, the dataset size |D| plays an important role.
For the noisy datasets we could only reduce the bias in the parameter estimates when the dataset
size grew as the estimated trajectory only then coincided with the true one. In this regard, the
BPINN has a slight advantage due to the implicit estimation of the noise σy. If we fixed this value
(or set a very tight prior), we can enforce variation in the trajectory estimation and hence we might
encounter the “true” trajectory and its parameters.

4.4.2 Balancing the weighting hyperparameter α

Many of the above observations can be explained by taking a closer look at the formulations of the
MLE for which we want to find the parameters that maximise (4.22)

θ̂, σ̂y, λ̂, σ̂f = arg max
θ,σy,λ,σf

p(D,Dc|θ, σy,λ, σf ). (4.23)

We can turn this again into the familiar form (derivation in Appendix C)

θ̂, σ̂y, λ̂, σ̂f = arg min
θ,σy,λ,σf

log
(
2πσ2

y

)
+ |Dc|
|D|

log
(
2πσ2

f

)
+ 1

σ2
y

(
Ly +

σ2
y

σ2
f

|Dc|
|D|
Lc

)
. (4.24)

by setting σ2
y

σ2
f

|Dc|
|D| = αc

θ̂, λ̂ = arg min
θ,λ
Ly + αcLc. (4.25)

This is the same optimisation problem as in (3.16) for the forward problem of Chapter 3 apart from
the fact, that we there know the parameters λ (and without the dt-loss). In (4.25), we fixed the
estimates for σy and σf and instead use the tunable hyperparameter αc. It is the same idea as for
the L2-regularisation in Section 4.3. However, this time, we can make a very insightful argument
for the choice of αc.

For every parameter set λ, there is a unique trajectory given an initial condition (see Section 2.2).
Whenever there is a mismatch in the joint estimation of the trajectory and ODE parameters λ,
i.e., Lc > 0, we should adjust the estimate for λ and/or θ in order to reduce Lc. If the dataset is
noisy, we will eventually need to increase Ly to drive Lc to 0. The estimated trajectory will then
be (nearly) in line with the solution to the ODE parametrised by λ, i.e., fλ. We achieve this by
increasing αc, i.e., placing more weight on the physics loss Lc. If we assumed, all parameters in αc

except for σy to be fixed, an increase in αc implies an increase in σy. This will eventually lead to y

defaulting to the mean of the dataset; the effect of increasing the prior in Figure 4.5 hints at this.
We basically “ignore” the dataset and fit a steady state solution. On the other hand, the estimated
parameters λ and the estimated trajectory x̂ either match or not. It is a binary choice, which in
probability terms corresponds to a delta Dirac-distribution δ, a unit impulse. This requires that
σf in (4.15) needs to approach 0 to obtain such a Dirac-distribution. As a consequence, αc would
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grow when keeping the other elements of αc constant. This puts us in the dilemma, that enforcing
the ODE can lead to ignoring the dataset.

For this reason, we employed the fade-in in Chapter 3: We first aim to find a plausible trajectory
based on the data, and then start to put more emphasis on obeying the governing ODE. For the
noise free case the two objectives align, therefore, the learning outcome is less sensitive to the choice
of αc, except for too high values that can lead to the equilibrium solution. For noisy datasets, αc

determines how easily we can find the correct noise estimate σy. For a low value of αc, we easily
obtain a trajectory that fits the data points but it does not correspond to an ODE of the pre-defined
structure. As soon as we enforce the physics more, we can obtain a consistent estimation of the
parameters and the dataset, but for too high values of αc, the optimisation algorithm might never
come close to that region and hence does not find this optimum.

It is also important to note, that for the noisy case, we are not guaranteed to find the true ODE
parameters, even for large values of αc. We only get a parameter set that would be consistent with
the estimated trajectory. If this trajectory estimate is inaccurate, so will be the parameter estimate.
The posterior should assign the true values a non-zero probability, but we would not choose it as
the MAPE.

The authors in [79] show how αc impacts the learning of forward problems. Their analysis focuses
on the size of the gradients of the different loss terms with respect to the parameters and leads
to an adaptive weighting scheme for αc. In [115], an adaptive weighting scheme is proposed for
BPINNs based on analysing the training under the lens of multitask learning.

4.5 Related approaches
The task of system identification or parameter estimation has a long-standing history in the
context of dynamical systems. For a comprehensive introduction we refer to [102] and [51] which
summarises recent important data-driven techniques. Nonetheless, we want to briefly describe two
approaches a little more in detail – Sparse Identification of Non-Linear Dynamics (SINDy) and
Neural Ordinary Differential Equation (NeuralODE) – as they represent relevant approaches in the
recent developments. This description serves the purpose of clarifying methodological differences of
PINNs and BPINNs with respect these other methods. The main line of distinction can be drawn
along the question, how much structure and of which form we impose on the ODEs, i.e., on the
function fλ. The above presented PINNs and BPINNs require the entire structure to be known,
SINDy provides an approach that allows to identify a structure out of a larger library of potential
contributing terms, and NeuralODEs can be entirely structure-free. By the choice of method, we
select how much structure we impose on the ODEs. In turn, this will determine the amount of data
that we need for useful estimates. Striking this balance between model capacity and generalisation
mirrors the discussions in Section 2.1.

4.5.1 Sparse Identification of Non-linear Dynamics (SINDy)
The idea behind SINDy [116] is that we first compute a library of basis functions Θ(x) that can
be linear and non-linear functions, e.g., trigonometric or polynomial combinations, of the states
x. Based on this library, we perform a linear regression to find a sparse set of parameters ξ that
describes the change of the state vector d

dtx as a linear combination of the library terms

d

dt
x = Θ(x)ξ. (4.26)
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Based on this setup, a linear regression is performed that is regularised to promote sparsity in ξ

min
ξ

∥∥∥∥ d

dt
x−Θ(x)ξ

∥∥∥∥
2

+ λ |ξ| (4.27)

In the above, a regularisation on the parameter size weighted with λ is used. Overall this setup
provides a very scalable and light-weight parameter estimation technique. Compared to PINNs,
the calculation or approximation of the derivative d

dtx in settings with few or very noisy data is
a challenge. The continuous-in-time nature can free PINN estimates of this difficulty. Needless
to say, that advanced versions of SINDy are developed to deal with such settings. However, the
approximation needs to rely on numerical differentiation, whereas as PINNs can utilise AD. The
other challenge arises from the selection of the library terms and the desired level of sparsity. To
incorporates a Bayesian perspective, the authors in [117] use an ensemble strategy. The authors
also provide an good overview of recent applications and developments of SINDy, that we refer the
interested reader to. For the case presented in the previous sections, we could also apply SINDy.
Since we know the library terms Θ(x) in advance, the regularisation would not be necessary. The
challenge would arise from the noise and the few data points as they complicated the calculation of
d
dtx. In turn, PINNs require the full structure of the ODE to be known. Allowing for a variety of
possible structures, as SINDy does, could serve as inspiration to develop PINNs further.

4.5.2 NeuralODEs

NeuralODEs provide a very generic and flexible approach to learning update functions. They were
introduced in [100] and [118] provides an excellent deep dive into the topic with various extensions.
In a NeuralODE, we train the update function f as a black box, a hypothesis class hθ that we can
design freely, instead of learning particular parameters λ to fit a given functional form.

d

dt
x = fλ(t,x) = hθ(t,x) (4.28)

NeuralODEs are most interesting when there is no clear and appropriate functional form available
(still in the context of ODEs), a classic setup of Reduced-Order Modelling (ROM). However, being
very flexible (or unstructured) comes at the price of requiring a high number of data points for
the training as [118] reports. The hypothesis class hθ needs to learn the entire vectorfield that is
otherwise described by a few parameters in a set of ODEs. Hybrid approaches that use NeuralODEs
only for fitting “unexplainable” residuals in a dynamical system emerged as an alternative to combine
very well generalising ODEs with the expressive power of NeuralODEs [119]. After training, a
NeuralODE can be seamlessly included in any ODE solver algorithm, e.g., a Runge-Kutta (RK)
scheme, as they are based on the evaluation of the update function f without requiring knowledge
of the underlying structure. As both PINNs and NeuralODEs use NNs and concern ODEs, there
can be confusion about what task is solved. By referring back to the illustration in Figure 3.25,
we can clarify the distinction. NeuralODE are approximations of the update function f and then
need a separate ODE solver to evaluate a trajectory. PINNs approximate the entire trajectory and
can then also fit a parametrised update function fλ – the two approaches constitute two distinct
“poles” of solution techniques.

4.6 Concluding remarks

We have shown in this chapter that PINNs can naturally cover the inverse problem similarly well
in a point-estimate setting and for estimating a posterior distribution. The high quality of the
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estimates and the robustness with respect to noise can be attributed to the approach of PINNs
to directly express the trajectory as an explicit function. This avoids discretisation or alleviates
noise corruption issues to a large extent. Furthermore, the probabilistic view provides us with rich
insights into the interpretation of learning dynamical systems, the impact of the parameters λ, and
the weighting of the different loss terms, in particular the weighting of the physics loss Lc with αc.

Future work can, on one hand, explore developing the methodology further. The integration of low-
and high-fidelity information, irregular sampling, and partial observations are natural extensions of
the presented results. Furthermore, the exploration of the full Bayesian modelling in settings with
very few observations is interesting. For more data-rich setting, it remains to be seen if PINNs
as MLEs can reliably match the MAPEs based on BPINNs. On a more theoretical level, the
probabilistic view of learning might be valuable to investigate phenomena observed in the forward
problem, similar to the loss weight αc. In particular, an analysis of the loss landscape under the lens
of Bayesian inference could be fruitful. Insights could inform decisions on the optimiser, but also
on the loss function, the dataset, and the hypothesis class, i.e., help designing powerful inductive
biases for the forward problem.
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PINNs for power system computations
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CHAPTER 5
Multi-machine time domain

simulations
We focus in the following chapters of this thesis on the intended use case of Physics-Informed Neural
Networks (PINNs), i.e., the application to PINNs for Time-Domain Simulations (TDSs) to power
system dynamics. This chapter introduces the relevant machine models in Section 5.1. Section 5.2
describes how they are combined in a multi-machine power system model which forms a system
of Differential Algebraic Equations (DAEs). Section 5.3 presents relevant solution approaches, in
particular so-called Semi-Analytical Solution (SAS) methods, which we build on in Chapter 7.
Lastly, Section 5.4 briefly introduces the test cases used in the two subsequent chapters.

5.1 Component modelling
The component model, that we investigate, is the “classical” machine model which is a simplification
of the two-axis generator model. It constitutes a well-studied model for synchronous generators,
and it is derived from much more detailed descriptions of the electro-magnetic and electro-mechanic
phenomena. Sauer and Pai provide in [4] a comprehensive overview of this modelling and we for
the most part follow their notation.

Two-axis model

The update equation for the two-axis model formulates as
d

dt
x = f (t,x,u,y;λ) (5.1)

d

dt


E′

q

E′
d

δ

∆ω

 =


1

T ′
do

(
−E′

q − (Xd −X ′
d)Id + Efd

)
1

T ′
qo

(
−E′

d + (Xq −X ′
q)Iq

)
ωs∆ω

1
2H

(
Pm − E′

dId − E′
qIq − (X ′

q −X ′
d)IdIq −D∆ω

)

 (5.2)

The differential state x =
[
E′

q E′
d δ ∆ω

]⊤
includes the voltages E′

q and E′
d along the d-q-axes,

the rotor angle δ and the frequency deviation ∆ω = ω − ωs from the system frequency ωs. The
exciter voltage Efd and the mechanical power Pm from the turbine shaft constitute the control input

u =
[
Efd Pm

]⊤
. The time constants T ′

do, T ′
qo, the reactances Xd, X ′

d, X ′
q, the machine inertia H,

and damping constant D form the machine parameters λ =
[
T ′

do T ′
qo Xd X ′

d X ′
q H D

]⊤
.

We formally include time t in the update function f , but we assume an autonomous system, i.e., no
dependence on t. The stator currents (Id and Iq) in the machine reference frame, which is denoted
by lower case subscripts d and q, are calculated as[

Id

Iq

]
=
[

Rs −X ′
q

X ′
d Rs

]−1 [
E′

d − V sin (δ − θ)
E′

q − V cos (δ − θ)

]
(5.3)
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These stator currents are linked to the terminal voltage magnitude V and angle θ through the
algebraic equations above. We collect the algebraic variables in y =

[
θ V

]⊤
. Later on, we will

require the complex current injections ī to the network in the network reference frame, denoted by
capital subscripts D and Q, and calculated as

ī = (iD + j iQ) = (Id + j Iq)ej(δ−π/2). (5.4)

Classical machine model

The two axis-model can be further simplified by finding an integral manifold on which the voltages
E′

d and E′
q remain constant, i.e., the update function equals 0 for these states. Under the assumption

of Rs = 0, this can be achieved by setting X ′
q = X ′

d and T ′
do = T ′

qo = ∞. For further details we
refer to [4]. The constant voltages assume the values E′

q = E′
q,0 and E′

d = 0.

Subsequently, we use the following formulation:

d

dt
x = f (t,x,u,y;λ) (5.5a)

d

dt


E′

q

E′
d

δ

∆ω

 =


0
0

ωs∆ω
1

2H

(
Pm − E′

dId − E′
qIq −D∆ω

)

 (5.5b)

[
Id

Iq

]
=
[

0 −X ′
d

X ′
d 0

]−1 [
E′

d − V sin (δ − θ)
E′

q − V cos (δ − θ)

]
(5.5c)

with

x =
[
E′

q E′
d δ ∆ω

]⊤
(5.5d)

u =
[
Efd Pm

]⊤
(5.5e)

y =
[
θ V

]⊤
(5.5f)

λ =
[
X ′

d H D
]⊤

. (5.5g)

We keep the voltages E′
q and E′

d as part of the state, as it simplifies keeping the following notationally
clean. By including all simplifications and directly including the stator equations in f , we also can
obtain the model used in Part I

d

dt

[
δ

∆ω

]
=

 ωs∆ω
1

2H

(
Pm −D∆ω − E′

q,0V

X′
d

sin (δ − θ)
) (5.6)

Load model

Electrical loads could also be modelled as a dynamical system with states, e.g., for electric motors.
Alternatively, we can include algebraic load models, i.e., all changes are instantaneous. See, e.g., [5]
for examples of load models. Ultimately, we only require a function to compute a complex current
injection ī in the network reference frame1.

1We use the definition that positive injection correspond to injections into the network and negative injections
signify withdrawal from the network, i.e., usually loads.
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A commonly used load model assumes a dependency of the active and reactive power demand P

and Q on the voltage magnitude V

ī =
(

s̄(V )
v̄

)∗

=
(

P (V ) + jQ(V )
V ejθ

)∗

(5.7)

s̄ represents the complex power, v̄ the complex voltage and the star-superscript indicates the
complex conjugate. The voltage dependency can for example assume a power law in V . By
assuming, e.g., a linear dependence on V , we obtain a load model that provides a constant current
injection. From a methodological point we can combine all algebraic current injection models in

ī = h(y,u;λ) (5.8)

with y =
[
θ V

]⊤
and u that collects the set-points of the load and λ the parameters defining the

load characteristics. This provides us with notational consistency with the current injections of the
dynamic components.

5.2 Multi-machine simulations - power system DAEs
In order to simulate the dynamics of an entire power system, we need to formulate a system of
DAEs

d

dt
x = f(x(t),y(t),u;λ) (5.9a)

0 = g(x(t),y(t);λ) (5.9b)

where x(t) collects all dynamic states, f the corresponding update equations, y(t) all algebraic
variables, u all control inputs and λ the component and system parameters.

When we restrict the modelling to what is usually referred to as root-mean-square (RMS) models,
we neglect transient phenomena in the network and use the phasor representation2. In this case,
the current flows īN (t) in the network can be computed by the linear algebraic relation

īN (t) = Ȳ v̄(t) (5.10)

with the complex admittance matrix Ȳ ∈ Cn×n that is based on the connections between the n

buses in the network and the line parameters. v̄(t) ∈ Cn represents the vector comprised of the
complex voltages at the n buses. By imposing the current balance originating from Kirchhoff’s law
at every bus in the network, we obtain the current balance equation

0 = īN (t)− īC(t) (5.11)

with the current injections īC(t) ∈ Cn from the components. At each bus, īC(t) is the sum of the
current injections from all connected components; for notational ease, we assume component i

is connected at bus i and either one or no component is present at each bus. By summing over
multiple components and mapping them to the corresponding bus, other setups can easily be
handled. īC(t) is calculated as

d

dt
xi = fi(xi(t), v̄i(t),ui), i = 1, . . . , m (5.12)

īC
i = hi(xi(t), v̄i(t)), i = 1, . . . , m (5.13)

īC
i = hi(v̄i(t)), i = m + 1, . . . , m + l (5.14)

īC
i = 0, i = m + l + 1, . . . , n. (5.15)

2By not applying these simplifications, we obtain models to analyse phenomena related to electromagnetic
transients, known as EMT models and introduced in [120].
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Components 1 to m are dynamic components, e.g., generators, and components m + 1 to m + l are
static components, and at all other buses no component is connected.

The study of DAEs began several decades ago, we refer the interested reader to [121]–[123]. The
form of the DAEs that we consider is known as a semi-explicit system of DAEs or an index-1
system of DAEs. That is, since the algebraic variables can be written as

y = g̃(x,u;λ) (5.16)

as long as the Jacobian gy is not singular, which we will assume for the remainder of this thesis.
This assumption can break, e.g., for bifurcation points, we refer to [5] for a discussion in the power
system context. Even though there usually is no analytical expression for y, the implicit function
theorem ensures its existence, see, e.g., [12]. We silently assume this fact at various places in the
following chapters, as it allows the approximation of y, e.g., by a series expansion or a Neural
Network (NN).

5.3 Solving power system DAEs

The development of solution algorithms for these systems of DAEs has seen continuos research effort
and the establishment of commercial programmes for the power system context. Two long-studied
approaches are the Partitioned-Explicit (PE) and the Simulataneous-Implicit (SI) solution approach
that we will briefly explain in the following, for detailed descriptions we refer to [4], [5], [13]. We
proceed with presenting approaches proposed to accelerate these simulations; we place a special
focus on Semi-Analytical Solution (SAS)-methods and Machine Learning (ML)-based approaches,
as they relate closest to the two subsequent chapters.

5.3.1 Partitioned-Explicit (PE) solution approach

As the name suggests, we partition, i.e., divide, the problem into several sub-problems. The
partitioning happens at the interface between the component and the network. This leaves us
with a set of problems that describe the component dynamics and another set that contains the
network algebraic equations. The two sets are computed in an alternating fashion with the latest
available variable of the other problem set. This approach offers great flexibility for the choice
of the solution algorithm for each set of problems. Furthermore, each iteration is fast as explicit
approximations can be used for the component dynamics. However, the computed solution is not
necessarily consistent, it leads to an “interface” error. Repeated alternation within a time step and
the use of extrapolation schemes can alleviate this problem at the expense of increased algorithmic
complexity and computational cost. The bigger issue is the numerical stability of the explicit
approximators. Stiff problems require very small time steps to accurately resolve the dynamics
which in turn offsets the fast evaluation speed of the explicit schemes.

5.3.2 Simultaneous-Implicit (SI) solution approach

In the simultaneous-implicit approach, the differential equations are turned into algebraic equations
using for example the trapezoidal integration method, here shown for a single component:

x(t1) = x(t0) +
∫ t1

t0

f (x, v̄,u;λ) dt (5.17)

≈ x(t0) + h

2 (f (x(t1), v̄(t1),u;λ) + f (x(t0), v̄(t0),u;λ)) (5.18)
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where t1 = t0 + h. Together with the algebraic equation for the current balance evaluated at t1, we
obtain a system of implicit algebraic equations. By iteratively updating the variables x(t1) and
v̄(t1) using, e.g., the Newton-Raphson algorithm, we solve for the desired value, i.e., the states and
voltages at the end of the time step. The advantage of this approach is that implicit integration
schemes are well suited for stiff problems thanks to their numerical stability. Furthermore, the
solution is consistent up to the specified tolerance level, i.e., we by design avoid the interface errors
that occur for the PE approach. The drawback of SI approaches is the need to solve a system of
implicit equations which can be computationally demanding and time-consuming.

5.3.3 Parallelisation

An important potential for acceleration lies in the ability to parallelise computations. This
reduces the “wall-time”, i.e., the time that the execution of the program takes. This makes
parallelisation particularly important when the un-parallelised computation is too slow for real-time
execution. However, the communication and synchronisation between the parallel computations
introduces additional computational effort and implementation complexity. We refer to [19] for an
extensive coverage of this topic. An important concept in that respect is domain decomposition. A
decomposition allows to divide a large problem into several smaller problems that can be executed
in parallel. How to decompose a system, e.g., the DAEs, is a modelling choice and depends on
problem formulation choice. Prominent decomposition approaches split the problem according
to its topology, across the temporal domain or by decomposing numerical operations itself. The
authors in [20], [21] summarise recent developments in this area.

5.3.4 Semi-analytical solution (SAS) approaches

The central idea behind SAS-methods is to move some computations away from the run-time/online
stage to an offline stage, i.e., pre-computing parts of the solution. The target of these approaches
are the dynamic components. Although there exist no closed form solutions for the dynamic state
evolutions, as discussed in Part I, good approximations can still prove to be very useful. If these
approximations are fast to evaluate and sufficiently accurate, they can accelerate the computation
of the time step itself or allow for larger time steps. This aligns exactly with the rationale for using
PINNs as a flow approximator (see Section 3.2).

A time-power series-based approximation is the first option as presented in [22]. These approxima-
tions, that essentially are based on a Taylor series, are more accurate than a step of a Forward-Euler
scheme but do not necessarily achieve the accuracy of higher order Runge-Kutta (RK) methods.
However, they can be evaluated by computing a polynomial, which can be significantly faster
than multi-stage RK methods. To better account for the non-linearity seen in the state dynamics,
Adomian methods [124] can extend the allowable time step size [125].

The resulting approximations can then be used in update schemes that resemble a PE approach
(see [125]) or an SI approach (see [22]). In the latter, the complex voltage varies over the time step
and this variation is included in the approximation of the component dynamics. We will adopt a
similar approach in Chapter 7.

5.3.5 Machine learning-based approaches

A more recent line of work, inspiring also our work, is the application of ML to TDSs, i.e., solving
the governing DAEs. The work in [27] introduce PINNs to the case of a single component – it has
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been the starting point of our analysis in Part I. A very related approach has been chosen in [126],
where the dynamic response of a single component is approximated with DeepONets, an operator
learning approach (see Section 3.7).

In [127], the authors also apply DeepONets, now with the objective of learning trajectories resulting
from a fault at a pre-specified bus in a multi-machine system. A related method, Fourier Neural
Operators, has been used in [128] for learning system dynamics in the frequency domain. The
authors in [129] propose a discrete time-stepping scheme (see Section 3.7) for the approximation
of the dynamics based on IRK-PINNs similar to Section 3.5.3. They apply the methodology to a
three-bus network with classical machine models but raise doubts on the applicability to large-scale
power system. The challenge for these methods lies in the high-dimensionality encountered in the
power grid as more dimensions usually require increasingly larger datasets in the training process.
We will return to this argument in much more detail in Section 6.5 as the scaling of PINNs also
faces this challenge.

A slightly different approach is taken in [130], where grid dynamics are expressed as Partial
Differential Equations (PDEs). It is not based on the full system of DAEs that we want to consider,
but it shows another idea to analyse power system dynamics in large-scale systems with ML.

At this point, we want to stress that our interest in solving power system DAEs originates in
the need to perform assessment on the dynamic security of the power system. As [25] reviews, a
significant number of ML-based approaches have been suggested for such assessments. However,
these approaches do not rely on solving the DAEs explicitly and therefore solve a very different task
T 3. Therefore, we do not consider them in them more detail here. In a similarly cautious manner,
we must distinguish the task we solve from the term PINNs. As [29] reviews, the term “PINN” has
found widespread use in power systems, however, it is not necessarily related the solution of DAEs
in multi-machine systems.

5.4 Simulation test cases

For the purpose of testing the models and algorithms that we develop in Chapters 6 and 7, we
will consider three commonly used power system test cases. Our focus lies on the analysis of the
numerical characteristics of PINNs in such a setting; we neither aim for an optimised implementation
in terms of speed nor try to draw conclusions about the system stability.

To ensure that all learned models share the same model definitions and parameters, we implement
a power grid model in Python. This model consists of a classical machine model (5.5) for each
generator, the network model (5.5), and constant current loads, i.e., loads with a linear dependence
on V in (5.7). For the solution of the resulting system of DAEs, we employ the package Assimulo
[131] which implements a number of off-the-shelf solvers. We choose a Backward Differentiation
Formula (BDF) solver with a tolerance setting of ε = 10−12. It is a multistep method, i.e., not
only uses the current state to approximate the integration but also previously computed states.
As a comparison, we implement a SI-approach using the trapezoidal rule, see [4] for a detailed
description.

The three tested power systems are a 9-bus system [132] with 3 generators (IEEE 9-bus system),
an 11-bus system [3] with 4 generators (Kundur two-area system), and a 39-bus system with 10

3See Sections 2.1 and 3.3 for our understanding of the task at hand.
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generators [133] (IEEE 39-bus system). The network parameters Ȳ stem from the respective
reference and the used generator parameters λ are listed in Appendix A. For each system, we
calculate the steady state solution for the given set-points to obtain the initial condition of the
differential states x(t0). To induce a transient response, we change the control input of a generator
in the system and then observe the resulting trajectory. Example of the trajectories that result
from this setup and implementation are shown in Figure 5.1.
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(a) 9-bus system
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(b) 11-bus system
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(c) 39-bus system

Figure 5.1: Dynamic response of the three power system test cases to a change of the control
input of a generator starting from a steady state at t = 0.



CHAPTER 6
Scalability of PINNs in power

systems
In this chapter, we investigate the scalability of a Physics-Informed Neural Network (PINN)-based
approach for power system dynamics, i.e., the central question of this thesis. We do not aim to
provide a definitive answer to the question; our goal is to highlight the trends and characteristics
that can enable or prevent scaling PINNs to large multi-machine systems.

The guiding example for this chapter will be a Time-Domain Simulation (TDS) of the dynamic
response to a change of a generator control input. The details of the experiment setup are described
in Section 6.1. To structure the analysis, we split the assessment of PINNs for this task into
two parts: 1) The characteristics at run-time in Section 6.2, i.e., whenever simulations need to
be run; 2) the up-front characteristics in Section 6.3 that govern the learning procedure. Being
convincing on the former is a necessity for PINNs to offer a benefit over conventional methods,
i.e., Differential Algebraic Equation (DAE) solution methods that are well-established, such as
trapezoidal integration and multistep methods as reviewed in Section 5.3. In contrast, the up-front
characteristics determine the feasibility to train such models. Based on these characteristics,
we conduct a “break-even” analysis on the total computational cost of PINNs in Section 6.4
as a function of the number of task evaluations. This leads us in Section 6.5 to the “curse of
dimensionality” and the limits it might impose on the scalability of PINNs. In Section 6.6, we
outline potential solutions to avoid this “curse” – one of which will be treated in the subsequent
chapter – before concluding in Section 6.7.

6.1 Experiment setup

We consider the test cases as described in Section 5.4, i.e., a 9-, 11-, and 39-bus systems. To cause
a transient response, we change the initial mechanical input P 0

m,i of one generator, indexed by i, by
η so that the new mechanical power P 1

m,i calculates as

P 1
m,i = P 0

m,i(1 + η). (6.1)

We observe this trajectory over 5 s. Section 5.4 shows trajectories that correspond to η = −0.5
when changing the input of generator i = 1, i = 2, or i = 5 for the 9-bus, 11-bus, or 39-bus system
respectively. For all three cases, we simulate datasets for η ∈ [−0.5; 0.0] and t ∈ [0.0, 5.0] s. In
contrast to Chapter 3, we use equally spaced samples for t and η with increments ∆t and ∆η. We
combine them in a dataset consisting of N points

D =
{(

(t(1), η(1)), (x(1),y(1))
)

, . . . ,
(

(t(N), η(N)), (x(N),y(N))
)}

, (6.2)

97
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where the outputs are the differential and algebraic variables x and y. By using different discretisa-
tion increments of the input domain, i.e., ∆t and ∆η, we create different dataset sizes. Table 6.1
lists an overview of the simulated datasets. We will refer to them as scenarios A to E to simplify
the description – scenario A is a setup with sparse data and scenario E is data-rich. The test

Table 6.1: Overview of the scenarios with different training datasets.

Scenario Time increment ∆t Control input increment ∆η Dataset size |D|

A 1.0 s 10 % 66
B 0.5 s 10 % 126
C 1.0 s 5 % 121
D 0.5 s 5 % 231
E 0.1 s 1 % 2601

Test 0.005 s 0.25 % 201201

dataset will be used across all scenarios and a validation dataset is formed by using the same
increments as for the training dataset but offset by ∆t

2 and ∆η
2 in the respective dimension. The

initial conditions equal the equilibrium state of the system.

The Neural Network (NN), i.e., the hypothesis class hθ, takes z0 = [t, P 1
m,i] as inputs and returns

the outputs [x̂⊤, ŷ⊤]⊤. In the present case, x̂ consists of the generator states [E′
q, E′

d, δi, ∆ω]⊤

for each of the generators and ŷ collects the network voltage angle and magnitude at all buses
[θ⊤,V ⊤]⊤.

In the learning formulation, we use the difference between the bus voltage angles θ and the slack
bus, i.e., θ − θsl as well as the angle difference between the rotor angle and the terminal voltage
angle δi − θi. In Figure 6.1, the two options are shown. While the absolute angle frame shows the
seemingly easier trajectories, this is an effect due to scaling as the variations seen in the relative
angles would still need to be resolved for accurate predictions. This choice furthermore is desirable
from the learning perspective as the dominating sinusoidal component of the trajectory only needs
to be captured in the prediction of the slack bus voltage angle θ̂sl. This step can be seen as a
pre-processing or feature engineering step in the Machine Learning (ML) context, reminiscent of
the architectural ideas laid out in Section 3.5. It furthermore aligns well with our understanding of
the underlying physics, where voltage angle differences matter for the power flow, rather than the
absolute values1.

1For this reason, one could even eliminate the need for a slack bus angle. However, we did not do so as it
complicated the implementation.
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Figure 6.1: Trajectories in an absolute and relative angle frame. Note the difference of the scaling
of the y-axes.

The loss function of the data loss Lx, the dt-loss (Lrhs +Llhs), and the physics loss Lc formulate as

Lx = 1
|D|

|D|∑
i=1

∥∥∥∥∥
[
x̂− x

ŷ − y

]∥∥∥∥∥
2

T,2

(6.3)

Lrhs = 1
|D|

|D|∑
i=1

∥∥∥∥∥
[
f(x̂, ŷ)− f(x,y)

g(x̂, ŷ)

]∥∥∥∥∥
2

T,2

(6.4)

Llhs = 1
|D|

|D|∑
i=1

∥∥∥∥∥
[

d
dt x̂−

d
dtx

0

]∥∥∥∥∥
2

T,2

(6.5)

Lc = 1
|Dc|

|Dc|∑
i=1

∥∥∥∥∥
[
f(x̂, ŷ)− d

dt x̂

g(x̂, ŷ)

]∥∥∥∥∥
2

T,2

(6.6)

The ideas are identical to Section 3.5 with the exception that we need to distinguish between
differential variables x and algebraic variables y. As, by definition, g(x,y) = 0, this term does
not occur in the formulation of Lrhs and Lc

2. As of now, we do not have a rigorous method to
define an equivalent to the dimensionless state introduced in Section 3.3. Instead, we apply a linear
scaling by ξ of the states [x⊤,y⊤]⊤ for calculating the norm || · ||T,2.

T

([
x

y

])
= diag(ξ)

[
x

y

]
(6.7)

The values of ξ are chosen based on the variation within in the corresponding states. We provide
a detailed description in Appendix A.3.4. The total loss is obtained by weighting the loss terms,
analogous to Section 3.5

L = Lx + αdt (Llhs + Lrhs) + αcLc. (6.8)

2Lrhs could be even extended by considering the update functions with x, ŷ and x̂, y.
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For vanilla NNs, we set αdt = αc, for dtNNs we choose αdt ̸= 0 and αc = 0, and for PINNs we
include all terms, i.e., αdt ̸= 0 and αc ̸= 0. As the distinction between these NN types is primarily
relevant during the training process, we will mostly use the term NN when any of the three types
could be used. Further details on the experiment setup such as hyperparameter settings can be
found in Appendix A.3.4.

6.2 NNs at run-time

This section will demonstrate the characteristics that NN-based solution approaches possess at
run-time, compared to other solution methods for power system DAEs. The two metrics, by which
we analyse the solvers, are the evaluation speed and the accuracy. For NNs to be an alternative to
conventional numerical solvers, we desire a good trade-off between accuracy and run-time. This
trade-off depends on solver specific settings, hence, we will discuss how to use them to influence the
trade-off for NNs and conventional solvers.

Evaluation speed

Let us first consider the run-time in Figure 6.2, where we plot the solution time of each solver, i.e.,
the run-time, as a function of the prediction time, i.e., the time instance t at which we want to know
the state of the system. The run-time is shown on the upper panels and the columns correspond to
the different system sizes. The results clearly suggest, that the NN-based predictions can be several
orders of magnitude faster than the ones by conventional solvers. The gap, meanwhile, depends
on four aspects: 1) the prediction time t, 2) the system size, 3) the setting of the solver, 4) the
efficiency of the implementation.

For the Assimulo solver which uses a multistep Backward Differentiation Formula (BDF) scheme
and the solver based on the trapezoidal rule (see Section 5.4), longer prediction times lead to longer
run-times. In case of the trapezoidal rule, this is directly related to the nearly linearly growing
number of iterations. As the BDF solver constitutes a multistep scheme with a variable internal
time step size, the relation is slightly more complicated. For very small prediction times, the
“starting” of the method always requires a similar amount of function evaluations. Only as we
increase the prediction time, we observe the expected run-time increase. The absolute values of the
run-time furthermore show a dependence on the system size as each internal pass3 becomes more
costly for larger systems as it is closely related to the evaluation of f(·). If we instead look at the
number of passes of each solver (shown in the lower panels), we observe that they are comparable
across the three cases. Here we also see the effect of the settings of the solvers, either the tolerance
for the BDF solver or the (fixed) time step size h for the trapezoidal rule. Smaller tolerances and
smaller time step sizes increase the number of passes and hence the run-time.

For a NN, the trends look very different: The run-time is independent of the prediction time t as we
always need only a single pass of the NN. The system size affects the run-time cost, albeit relatively
little. This is due to the fact that only some operations in the NN, such as the calculations in
the last layer, are directly dependent on the system size. Besides the impact of the system size,
the model complexity, which could be considered a “setting” of a NN-based solver, affects the
run-time. The run-time scales asymptotically linear O(NL) with the number of hidden layers NL

3This measures how often the solver needs to evaluate its internal logic. This can be steps (for the BDF),
iterations (for the trapezoidal rule), a forward pass (for the NN).
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Figure 6.2: Timing of predicting the trajectory

and quadratic (O(N2
N )) with the number of neurons NN , i.e., size of the hidden layers, as discussed

in Section 3.2.2. The shown results, however, in particular for the 39-bus system, show very little
variation, as we have computational overhead of significant scale and the mentioned scaling laws
describe asymptotic computational cost.

What we did not cover so far, are the aspects of efficiency of the implementation. We hinted at
some influencing factors in Section 3.2, e.g., the hardware, the programming language, and the
number of points that are evaluated. As a comprehensive investigation is out of scope of this work,
we cannot credibly quantify the gap in run-time between NNs and the other solvers. The number of
passes, however, gives the most reliable picture as the run-time, in the ideal case, is approximately
linearly proportional to the number of function evaluations. The proportionality constant is then
the cost of a single pass, which is highly implementation dependent. Given these considerations,
we can conclude that NNs are very likely to provide a significant benefit in terms of run-time, the
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precise factor will be problem specific.

Accuracy

Naturally, speed alone is not sufficient; the ideal solver would not only be fast but also provide very
accurate solutions. Figure 6.3 displays the relationship between these two dimensions for the above
cases for the 9-bus system. The three panels show the trade-off between run-time and accuracy
for the three solver types (BDF, trapezoidal, and NNs). The regions originate from evaluating a
number of points for different prediction times and changes in the control inputs. Appendix B.1
shows the raw data from which we derived Figure 6.3. For the accuracy evaluation, we use the loss
of the respective point ℓ (see (3.35)) with the ground-truth being the BDF solver with tolerance
ε = 10−12. The shading shall indicate the prediction time t which we analysed in the previous
section. A light shading corresponds to a small value of t and the full color to a large value of t.
The arrow also points out this trend.

The plots illustrate the characteristics of the present trade-off very clearly. For the BDF solver,
increasing the internal tolerance ε allows for a small reduction of the run-time at the expense of
less accurate solutions. When using loose tolerances, i.e., larger ε, the accuracy deteriorates quickly
for longer prediction times. The built-in error control on the other hand results in maintaining
highly accurate, i.e., low loss, even for long prediction times when the internal tolerance is tight
– this error control ensures that we usually consider simulations with tight tolerance settings as
ground truth. If we omit such error control and simply use a fixed time step size, as we do for the
trapezoidal rule, the error inevitably accumulates for longer prediction times. In order to maintain
sufficient accuracy, we need to reduce the time step size h, but then we require more time steps,
thereby increasing the run-time. For NNs, we clearly see that the fast evaluations come at the
expense of less accurate solutions. The “setting” for NNs, i.e., the model complexity, shows some
effect on the resulting accuracy but not a trend as consistent and predictable as for the other
solvers. As we saw before, the prediction time has no significant impact on the run-time.

If we consider the “regions” in Figure 6.3 that the different methods cover, we can characterise
their strengths and limitations. An ideal solver, located in the lower left corner, would yield highly
accurate and fast solutions. NNs can reach the lower right corner but have limited ability to extend
towards more accurate solutions, even when increasing the NN model complexity. For the BDF
solver, located in the upper left part of the plot, changing the internal tolerances gives us a lot of
control on the horizontal axis, but improving in the vertical direction, i.e., lowering run-time is
difficult. For a fixed time-stepping scheme, represented here by the trapezoidal solver, adjusting its
settings allows a more “diagonal” shift, but this is limited by divergent solutions for too large time
step sizes. The great advantage of the conventional solvers is the flexibility to adjust these solver
settings at run-time to adjust to the requirements of the task, which corresponds to choosing the
appropriate “solver region”. The only way to change the performance of the NN-based solver is to
change the entire NN model. This is a consequence of the fact, that the run-time characteristics are
entirely determined when training the NN. The described observations hold for the other system
size (see Appendix B.1) as well, the prescribed regions will be slightly shifted, for instance, upwards
for the 39-bus system due to the longer run-times.

The setting of NNs: Model complexity

Section 6.3 describes how to achieve accurate NN models, but we first want to take a closer look
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Figure 6.3: Solver regions in the trade-off between run-time and accuracy. Example from the
9-bus system

at the outcome, the trained model. We do so by considering the relation between the NN model
complexity and the resulting accuracy, i.e., analysing the Bias Variance Trade-off (BVTO) shown in
Figure 6.4. As expected, the generalisation gap increases significantly for higher model complexities
as the training loss (empty boxplots) continues to decrease, while the testing loss (coloured boxplots)
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Figure 6.4: Loss values for different NN model complexities and different systems. Training loss
(empty boxplot), validation loss (light fill), testing loss (coloured).

and the validation loss (light fill) only slightly decrease. The difference between validation and
testing loss strikes as an oddity. It is undesirable as it shows that the validation loss is not an
accurate estimate of the testing loss. This is caused by a few bad predictions in the test dataset
as we will see in the next section and can be attributed to the dataset characteristics not being
similar enough. As we use the squared error of the norm for the loss calculation, we obtain a
metric that is very susceptible to outliers, which leads to the above results. To expose this effect,
use a performance metric P instead of the loss Lx. We choose the mean absolute error of the
different variable groups for P. When evaluated on the test dataset, more complex models show
improved results, i.e., lower mean absolute errors, as shown in Figure 6.5. This illustrates the
difficulty of using a single metric, here, the loss Lx in the dimensionless coordinates, to judge the
performance of a model. Furthermore, the absolute error is a metric that is system and scaling
independent. The loss Lx, in contrast, depends on the dimensionless states, and thereby on the
choice of the scaling factor ξ. The different number of states in the three system also complicates the
interpretation of the magnitude of the loss Lx; a scaling with 1/ dim ([x⊤,y⊤]) could be included.
The interesting insight from considering the MAE is that the errors seen across the different cases
are quite comparable for a given model complexity, apart from very low model complexities4.
This means, that an increase in system size does not automatically require an increase in model
complexity to maintain a certain accuracy in terms of absolute errors. For the case of the voltage
angle difference θi − θsl, the NN for the 39-bus system even achieves lower errors than the NN for
the 11-bus system. While this is partially an effect of the particular scaling choice, it furthermore
hints at the following: Not the system size per se is important for the attainable error magnitude,
but the “difficulty” of the task T – just as we elaborated on in Section 3.3. A quantification of
the task difficulty across different systems is of course non-trivial, but the idea of a task-difficulty
provides an intuition on how system size affects the necessary model complexity, which we consider
the setting of NN-based solver in the trade-off between run-time and accuracy.

4In the definition of the model complexity, we do not account for the output layer of the NN. As systems with
more states have automatically a larger output layer, they could be considered slightly more complex/expressive. On
the other hand, the dimensionality of the latent space does not change, as the output layer only affects the linear
mapping from the latent space to the original state space.
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Figure 6.5: Mean absolute errors for different NN model complexity and different systems. The
panels along the vertical axis correspond to the same system (same colour). The different variable
types are shown in the rows. The mean absolute error is calculated across all buses for the variable
type.

6.3 NNs at training time

As the run-time evaluation is performed with a trained NN, all characteristics are decided upon
during the training of the NNs. Therefore, we will show in this section, how we can alter the overall
accuracy and its characteristics by including domain knowledge, i.e., applying PINNs and how this
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relates to the associated up-front cost. The up-front cost can be split into dataset generation cost,
NN training cost, and NN assessment cost. Two approaches to alter these costs are the dataset size
and the regularisation of the NN with physical knowledge, i.e., using dtNNs and PINNs instead of
a vanilla NN. All following experiments utilise the 9-bus system with a NN of intermediate model
complexity with NL = 2 layers and NN = 32 neurons per layer. Regarding the dataset size, we test
five scenarios (A-E as defined in Section 6.1), starting from a small dataset (A) and then increasing
the number of data points in the two input dimensions, i.e., using smaller time increments ∆t or
smaller control input changes ∆η. The insights gained shall help to choose training setups that
provide good accuracy while not being overly costly.

Training accuracy

A B C D E
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Figure 6.6: Evaluation of training characteristics for different scenarios and NN types (colouring).
The three panels show the loss and the mean absolute errors on the frequency deviation and the
bus voltage angle differences.

Figure 6.6 summarises the effects of the dataset size and the NN type (vanilla NN, dtNN, PINN)
on the accuracy. We observe, that in terms of the loss of the test dataset Lx(DTest), shown in
left-most panel, additional data points help the overall performance which is to be expected. Also,
the addition of physical knowledge helps to improve the performance: dtNNs outperform NNs and
PINNs outperform both except for scenario E where all three NN types perform nearly equally
well. These results can be confirmed when considering the mean absolute error of the frequency
deviation and the voltage angle, shown in the other two panels. When we compare scenario A
to B and scenario C to D, which corresponds to adding points along a trajectory (finer ∆t), we
find the addition of these points to be most beneficial for vanilla NNs. dtNNs show (on a relative
scale) less performance improvements as their prediction along the temporal domain is already
better due to the additional dt-loss terms. As PINNs already utilise information from collocation
points, the addition of more data points has mostly the effect of simplifying the training in terms
of convergence as we shall see later on.
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Figure 6.7: Distribution of Lx(DTest) as a function of the prediction time t for different NN types
(vanilla NN, dtNN, PINN) and scenarios (A-E). The shaded areas correspond to 100%, 80%, 50% of
the errors and the black line represents the median. (for the definition of scenarios, see Table 6.1)

These observations can be manifested when considering the loss conditional on the input variables,
i.e., on the prediction time t and the change in control input η. The structure of the analysis and
plots corresponds to Section 3.6.4 in the single machine context. Figure 6.7 shows the distribution
of the loss on the test points as a function of the prediction time t. The shaded areas represent
the range between the minimum loss and the maximum loss (light grey), between the 10th and
90th percentile (medium grey), between the 25th and 75th percentile (dark grey), and the median
value (black line). For scenarios A-D the “indents” in these distributions signal where the data
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points were located, as these points are fitted very well. Only for scenario E, there were enough
data points to create a more evenly distributed loss. For scenarios B and D, PINNs also achieve
such error characteristics that are less varying. dtNNs improve the absolute loss values but also
smoothen the error distributions compared to NNs in most cases, the “indents” remain in other.
Across all scenarios and NN types, the large maximum error stands out. This can be explained
when considering the error distribution across the other input dimension, namely the change in
control input η, shown in Figure 6.8. These plots reveal, that the cause of this high error are
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to 100%, 80%, 50% of the errors and the black line represents the median. (for the definition of
scenarios, see Table 6.1)
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the predictions when there is no change in the control, i.e., when the system remains in steady
state. This seems very counter-intuitive, but can be explained by how similar the responses to
the change in the control input are. For different values of η, the dynamic response has a similar
structure, e.g., the voltage increases for all buses before returning close to the initial state. The
constant voltage for the equilibrium case therefore represents a very differently looking pattern
which therefore is difficult to predict. For this reason, we obtain an error distribution that is very
similar for most values of η. Only between 0 and the next data point, which is at −∆η, we observe
high errors, even for the scenario E, that uses the most data points. These observations are of
course an artifact of the setup, but they highlight the difficulty when learning dynamics: Simple
and obvious solutions, like an equilibrium state, are not necessarily easy to learn. The fact that the
equilibrium state lies on the boundary of the input domain aggravates the problem further. It also
shows the importance of understanding the model performance P, i.e., the accuracy, beyond the
loss Lx as a single number as we already highlighted in Chapter 3. Such analyses, however, become
more intricate the larger the system gets.

Training speed and cost

The improved performance, that we obtain by using more data points or adding additional loss
terms, comes at a cost. First, the simulation of the dataset directly incurs a cost. However, we
have to distinguish between adding points in the time dimension or the control input dimension.
For the former, the cost of additional points is negligible if these points lie on an already included
trajectory. In that case, we simply query more points from the solver and since they are based on
interpolating an internal solution, more points are nearly “for free”. Therefore, the dataset cost CD

in Table 6.2 is the same for scenarios A and B and for scenarios C and D. If we, in contrast, have
to simulate an additional trajectory, the total cost increases by the cost of simulating a trajectory.
For our case, this means that the dataset cost scales as O(1/∆η). The simulation cost for each
trajectory CT then again is a function of the system size, the solver and its settings (the arguments
from Section 6.2 apply).

Table 6.2: Overview over computational costs: Cost for the simulation of a trajectory CT , dataset
generation cost CD, cost per training epoch CE .

System CT scenario CD CE [s]
NN dtNN PINN

IEEE 9 8 s

A 48 s 0.070 0.177 0.406
B 48 s 0.073 0.187 0.409
C 96 s 0.073 0.183 0.400
D 96 s 0.075 0.202 0.420
E 400 s 0.144 0.471 0.742

Kundur 12 s E 600 s

IEEE 39 80 s E 4000 s

The other cost is the training itself and here we have to distinguish the effects of larger datasets
and the different NN types on the cost per epoch CE and the number of epochs until we reach
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the “best epoch” in terms of validation loss, which we denote by E∗. Table 6.2 reports the cost
per epoch CE . More points lead to a higher cost per epoch CE , irrespective of the NN type, and
also unsurprisingly, dtNNs are more expensive compared to vanilla NNs and PINNs compared to
dtNNs. This increase is caused by the calculation d

dt x̂ and the evaluation of the update function f

necessary for Llhs, Lrhs, and Lc. As we evaluate Lc on the additional collocation points (1000 in
this setup), CE is for all scenarios around 0.2− 0.3 s higher than for the dtNN. The exact numbers
depend once more on the implementation of f and the entire training procedure as well as the used
optimiser parameters, but the trends that more data points and more loss terms increase the cost
per epoch are sound and align with the analyses from Section 3.6.5.

The best epoch E∗ also shows a dependence on the scenario, i.e., the dataset, and the NN type as
Figure 6.9(a) illustrates. For the scenarios with more data points (D, E) the best epoch E∗ occurs
later on when using vanilla NNs or dtNNs. PINNs, however, require many more epochs for all
scenarios. We have to consider, though, that the training process (ideally) continuously improves.
Hence, we could stop the training early if we reached a target accuracy to reduce the training
cost. We show the improvement of the validation loss in Figure 6.9(b) over the number of epochs,
where we can see that PINNs stopped after a few hundred epochs already perform significantly
better than vanilla NNs and dtNNs in a small dataset setting such as in scenario B. For a data-rich
scenario such as E, this effect disappears.
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Figure 6.9: Analysis of the training progress for different scenarios and NN types. The boxplots
in (a) represent the results from 20 runs. The shading in (b) illustrates the range of the validation
loss across 20 runs as a function of the epoch.

Overall up-front cost

The up-front cost also needs to account for the assessment of the model performance. One part of it
is the need for a validation dataset during training. The other is another independent test dataset.
The cost of both of them scale just as for the training dataset, i.e., linearly with the number of
trajectories. The decision on how many trajectories are necessary to obtain reliable estimates
will be another intricate and case dependent matter, that we excluded in our consideration. The
detailed investigation of the conditional errors in Figures 6.7 and 6.8 and their interaction with the
training setup, i.e., the scenario and the NN type, will be crucial to avoid the need for overly large
validation and test datasets.
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Given all these considerations, choosing a setup that provides good accuracy while not becoming too
computationally expensive will need further research when the different cost drivers are optimised.
Conceptually, we can conclude the following though: Vanilla NNs are relying entirely on a sufficiently
large dataset. If the generation of such dataset becomes expensive due to long simulation times per
trajectory, the use of dtNNs and PINNs becomes more attractive as they reduce the reliance on
the dataset, certainly for the training but maybe even for the assessment.

6.4 A view on the total computational costs

We showed in Section 6.2 that NNs have desirable characteristics such as speed and are not
susceptible to issues of numerical stability as they only require a single pass. The accuracy will be
lower than for conventional solvers like the used BDF-scheme but it can be nonetheless sufficient.
The question becomes whether we can train the NNs with a reasonable computational effort. For
us the dataset generation, the NN training and its assessment, as well as the evaluation carry
computational costs, measured by the time the computations require. We saw that including physics
can help us to be less dependent on the number of simulated data points, hence potentially cutting
a significant part of the dataset generation cost. However, it comes at the expense of training for
more epochs and with a higher cost per epoch. Striking the balance which approach is favourable
will likely be case dependent.

If we abstract, however, from the precise training strategy, we can lump all these costs into the
up-front cost of a NN. The computational cost that we incur when evaluating the NN is the run-time
cost – which is independent of the training strategy. This leads to a perspective similar to the
fixed-variable-cost curves in economics and manufacturing. The up-front cost constitutes a fixed
cost and the run-time cost the variable cost. A conventional solver has usually no significant
up-front cost apart from initialisation and compilation – for simplicity we set it to 0. In Figure 6.10
this corresponds to the orange line starting at the origin. The x-axis represents the number of
evaluations n of the particular task and the y-axis represents the total cost of it. The NN-based
approach instead has relatively high fixed cost due to the expensive training but very low variable
cost, yielding a near constant cost curve. Variations in the up-front cost of the NN will alter the
cost curve whereas changes in the run-time cost are nearly negligible due to their small size. The
dashed lines indicate this. For the conventional solver the change of the slope, i.e., the variable, is
obtained by changing the settings such as the tolerance. The cost curves of the two solvers intersect
at the point which could be called the break-even point for NN-based solvers. Its location depends
primarily on the conventional solver’s run-time and on the NN’s up-front cost as those are the cost
drivers for the respective approach. For the presented cases, this break-even point, which defines a
critical number of evaluations ncritical, lies somewhere on the order between 100 and 1000. This
means we would need to reach that number of evaluations for a NN to be an overall more efficient
solution method. However, this number is highly sensitive to the run-time cost of the conventional
solver and the training cost of the NN, so all results are case and implementation specific. When
considering the break-even point as the criterion to judge the viability of an approach, we assume
that total computational cost is the deciding factor. If, however, the speed at run-time is crucial,
e.g., for real-time decisions, the total computational cost can become a secondary factor. But even
in such cases, the break-even analysis hints at the fact that NNs should be used for tasks with a
high number of repetitions. To improve the applicability of NNs, we can aim to lower ncritical by
reducing the up-front cost. Incorporating physics and trying to tailor the training algorithms to
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ncritical

Cup-front,NN

Conventional solvers

NNs

n Evaluations

Total cost
Ctotal

Figure 6.10: Total computation cost curves for NNs and conventional solvers. For NNs, the
training (up-front) cost dominate the overall cost, for conventional solver it is the run-time cost.
At ncritical, the “break-even” point for NNs is reached. The dashed lines indicate a change in the
setting of NNs, e.g., model complexity (it can affect the training cost) and conventional solvers,
e.g., the tolerance.

the given problems might be part of this effort. Alternatively, problems that are very expensive to
solve might be attractive if they can be learned efficiently, i.e., without too high dataset generation
or training costs.

6.5 The curse of dimensionality

If we require that the NN provides a benefit from the above total-cost perspective, the applicability
of NNs hinges around finding tasks T for which the number of evaluations n is greater than ncritical.
This leads us directly to the main challenge of using NNs in the power system context. When we
train a NN, we have a particular task in mind. In this chapter, the three tasks were to predict the
dynamic response of a power system to the change of the mechanical power at a specified generator
for each of the three test power systems. In the setup we implicitly defined all set-points u and
parameters λ of the system; the latter includes not only the parameters of each component, but also
the ones from the power network for its topology and power lines. Furthermore, the assumption of
being in steady state at t = 0 alleviates the need of picking an initial state x0 that would be of
dimension R6, R8, and R20 respectively. If we changed any single value of the above, the underlying
task for the NN changes.

At this point we run into the infamous “curse of dimensionality”, loosely spoken, tasks become
“cursed” (practically impossible to solve) when the dimensionality increases too much; combinatorics
is a classic example. We will not dive into any rigorous mathematical analysis of this problem as
the more intuitive description is sufficient to illustrate our point. We refer the interested reader to
[81] as a starting point. In the present case, we can observe this curse from two perspectives. First,
through the lens of training a NN: To cover all possible variations of u,λ,x0 we would need to
train a NN on all these dimensions and consider them as inputs; here the generation of an adequate
dataset would already be practically impossible as Figure 6.11 illustrates. We plot the total number
of points N as a function of the points per dimension ND for problems of different dimensionality
RD. N = (ND)D describes this exponential growth. To give an example, ND = 2 would correspond
to a dataset where we include all combinations of the maximum or the minimum value in each
dimension. Adding a third point in between to might be possible in low dimensional settings, for
D = 15 though, it leads to more than a 400-fold increase of the total number of points N . Instead of
looking at ND, one could also consider the average distance between points in a normed hypercube
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Figure 6.11: Illustration of the curse of dimensionality. The number of points rapidly increases
when the average number of points per dimension (in a grid structure) shall be increased.

of dimension D. As we increase D, the points are not any more close to each other which in turn
is a problem for the learning process as we do not have control over how the NN interpolates in
between these points. Advanced sampling strategies found in Monte-Carlo methods could be used
for more “efficient” sampling, but they do not beat the curse of dimensionality. Even in case that
we would not need to simulate the used points, i.e., utilising collocation points, there are practical
limits to how many points can be effectively evaluated. If evaluating 1 collocation points took on
average 1 µs, a dataset based on 5 points for each of 15 dimensions would still require 1 year to
run5 – for a single evaluation.

So if we realistically cannot learn the entire input domain, could we select a lower dimensional
subset of the variations and only learn a solution to this subset? This could render the learning task
T with a lower-dimensional input feasible, however, the problem now becomes whether the task
occurs sufficiently often or not. Here, the curse of dimensionality strikes again, as the probability
of exactly encountering the task, that we trained for, scales inversely with the number of the
dimensions which we did not consider as input variables. In power system terms, this corresponds
to the question: How often do we encounter the same grid state twice? Or at least a recurring
subset of states? In the language of Chapter 3, we could also say that the dimensionality of the
flow is cursed, and hence we can only reasonably well approximate certain subsets of that flow but
the probability of ending up in this subset is almost 0.

The insight is, that conventional general purpose solvers are incredibly flexible with respect to
the task T they encounter, but they sacrifice speed. NNs in contrast, are comparably inflexible
with respect to the task6, but offer the advantage of fast evaluation. This view resonates with the
criteria by which Stott suggested characterising numerical solvers for power systems [13].

6.6 What to do?
In light of the above analyses, we see a few paths forward when it comes to applying NNs to
multi-machine simulations, i.e., in a high-dimensional setting. These ideas can already be observed

5Without considering parallelisation and any memory or other hardware constraints being ignored.
6This “inflexibility” must not be confused with the fact that NNs are a very flexible class of functions to

approximate complicated functions.
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in other aspects of power systems related tasks, most prominently with power flow computations.

Inductive biases in the architecture of the hypothesis class

Controlling the interpolation in a sparsely populated volume is the fundamental issue behind
the curse of dimensionality. The hypothesis class hθ plays a major role in determining which
interpolations are possible. The basic idea is that hypothesis classes which are more restrictive
in the possible interpolations can yield better results in sparse settings as the inductive bias is
active, independent of the evaluation of points, e.g., a collocation point-based inductive bias. The
prime example is the use of convolutional neural networks for image recognition. In the power
system context, graph neural networks [60] could be a choice as demonstrated for the power flow
case [134], [135]. They, by design, incorporate a graph structure, here it could correspond to the
power network, and could therefore be better suited for tasks with varying network topologies.
The growing field of geometric deep learning [81] studies such inductive biases from a geometric
perspective and is worth consulting for inspiration.

Multitask and transfer learning

It might be reasonable to assume that many tasks T share a common structure. For example, if we
changed the control input of a different generator, the resulting trajectories “look” fairly similar
for some generators but not for others. By analysing and exploiting these similarities, it might be
possible to find more efficient training algorithms and hence reduce the up-front cost of NNs. In ML
there exist two fields that are concerned with such setups, namely multitask and transfer learning,
see e.g., [49] for an overview. In the former, we train for multiple tasks at the same time. All task
predictors are based on a common hypothesis class and then only perform a (small) adjustment to
fit each specific task. It can help to generalise and finding powerful representations in the shared
NN. Transfer learning instead uses an already trained NN and adapts it to a new task. Here, the
use of collocation points could be useful as we would avoid simulating dataset. Both approaches
contain a flavour of Reduced-Order Modelling (ROM) techniques as we assume that there is a
lower-dimensional manifold with which most of the desired outputs can be explained.

Hybrid approaches

Many conventional algorithms split tasks into several sub-tasks. If the dimensionality of these
sub-tasks is feasible to learn and the selected sub-task is often evaluated, NNs can be a promising
candidate to accelerate the overall solution time of the algorithm. We will make use of such a
hybrid setup in the following chapter by identifying that the prediction of the dynamics of power
system components is such a suitable task. It is, in essence, the idea of a Semi-Analytical Solution
(SAS)-based solution approach that utilises NNs / PINNs for solving sub-tasks.

Another option for hybrid approaches is to use NNs for the initialisation of conventional algorithms,
i.e., to provide a learned “warm-start”. We thereby can relax the accuracy requirements on the NN,
i.e., fewer data points can be used, while reducing the number of iterations needed for convergence
of the conventional algorithm. Potential for acceleration lies in those algorithms where a good
initialisation is hard to obtain while important for fast convergence. The author in [136] shows
an example of the benefit of learned warm-starts for power flow computations. Using a similar
approach could potentially be useful for distributed TDS algorithms such as Parareal [20].
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6.7 Concluding remarks

This chapter investigated the general applicability of PINNs to the simulation of power system
dynamics in multi-machine systems. The advantage of fast evaluation over long prediction horizons,
that we found for the Single-Machine Infinite-Bus (SMIB) system in Chapter 3, can be replicated.
Reaching high accuracy, however, becomes more difficult and incurs a significant computational
cost. When solving highly repetitive tasks, the run-time speed-ups can justify such up-front cost.
The great barrier lies in the curse of dimensionality; the extremely high dimensionality found in
power systems appears to prevent the scaling of PINNs into a general purpose solver. Focussing on
solving specific tasks seems to be the more promising avenue. Further work on advanced hypothesis
classes, training algorithms, and hybrid approaches will be necessary utilise PINNs efficiently on a
realistic power system scale.





CHAPTER 7
PINNSim – a PINN-based

simulator
The previous chapter illustrated the difficulties that arise, when trying to scale Physics-Informed
Neural Networks (PINNs) to larger power system size. Therefore, this chapter explores a hybrid
approach between PINNs and conventional Differential Algebraic Equation (DAE) solution al-
gorithms to utilise the ability of PINNs to accurately and rapidly approximate large time step sizes.
Following the analysis illustrated in Figure 6.10, PINNs are ideally applied to highly repetitive tasks
T . Such tasks can be solved accurately by the same PINN without retraining. In power system
dynamics, such mostly “invariant” tasks can be found on the component level. Viewed in isolation,
they mostly are exposed to changes of the control inputs u and parameters λ and the voltage at the
connecting bus or buses v̄i. Hence, if we can include those in the PINN approximation, we can use
the same model repeatedly and thereby reach large number of evaluation, i.e., n > ncritical to draw
on the advantages of PINNs. Furthermore, we would naturally limit the number of input variables
and hence avoid the very high dimensional problems1. The key challenge is, how to incorporate the
interface between the PINNs and the power grid. The idea of decomposing the system of DAEs,
which we explain in Section 7.1, is central to the solution. This leads to the algorithm presented in
Section 7.2, with its three elements (a voltage approximation, an update scheme of the voltage
approximation, and a state approximator) in Sections 7.3 to 7.5. By combining the three elements,
we construct a full DAE simulator in Section 7.6, named PINNSim and show its performance in
Section 7.7. The results provide a proof of concept for this modular simulator. Its scalability does
not depend any more on the need to scale PINNs but on their interlacing. As conventional scalable
DAE solution algorithms use similar interlacing schemes, we can draw on existing techniques to
achieve the scalability of PINNSim. Section 7.8 concludes and lays out different areas that are to
be improved for developing PINNSim into a powerful tool for Time-Domain Simulations (TDSs).

7.1 Decomposing the system of DAEs

We start with the governing system of DAEs introduced in Chapter 5

0 = īN (v̄)− īC(v̄,x,u;λ) (7.1a)

īN = Ȳ v̄ (7.1b)

īC
i = hi(xi, v̄i,ui;λi) (7.1c)

d

dt
xi = fi(xi, v̄i,ui;λi). (7.1d)

1A component model with e.g. 10 states and 3 control inputs and additional parameters poses still a difficult
learning task. But we end up with an input dimensionality in the low tens but not hundreds or thousands as it
would have been the case otherwise.
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To avoid clutter, we drop u and λ in the following, but they can be seamlessly included if they
shall be altered. Figure 7.1 illustrates the involved quantities graphically. The current balance is a
function of the complex voltage v̄ given the initial condition x0. However, when we distinguish
between īN and īC , we observe the following: The network currents are a function of the voltage
v̄ at all buses whereas the dynamics of the components, and, therefore, their current injections
usually depend only on the voltage on a single bus2. This “local dependence” allows us to solve
all the components’ dynamics independently of each other given that we know the complex bus
voltages v̄. These “sub-problems” are significantly easier to solve and can potentially be parallelised.
This leads to the idea behind decomposing the full problem into the network current problem

īN = Ȳ v̄

1

i

m

m+ 1

m+ l

n

Network

Generator 1

Generator i
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Figure 7.1: Schematic illustration of the decomposition of the power system (adapted from [4,
p. 157])

and the m component dynamic problems. The complex voltage v̄ serves as the coupling variable
and the current balance as the coupling constraint. Whenever we know v̄, the sub-problems are
straightforward (for īN ) or at least relatively easy to solve (for īC). Such a decomposition underlies
many of the approaches presented in Section 5.3. Up to this point the entire formulation is still
thought of in a continuous setting, valid at every point along the trajectory. To achieve a tractable
solution approach, the Simulataneous-Implicit (SI) solution approach, see Section 5.3.2, introduces
at this point a discretisation of the differential equations across a time step of size ∆t. Note that
we now use ∆t instead of h to denote a time step, to avoid the overload of the variable h and align
with the notation in [5]. Instead of a discretisation at this point, we follow a SAS-based approach
closely related to [22], see Section 5.3.4. The key idea is to express the complex voltage v̄ as an
explicit and continuous function of time and then approximate it.

2Components can also be connected to multiple buses, but the number of buses will remain relatively small. For
clarity of the presentation, we only assume components with a single terminal connection.
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7.2 Solution approach

We rewrite the above instantaneous equations in an explicit time-dependent form, which requires
the integral form for the component dynamics xi(t)

0 = īN (v̄(t))− īC(v̄(t),x(t)) (7.2a)

īN (t) = Ȳ v̄(t) (7.2b)

īC
i (t) = hi(xi(t), v̄i(t)) (7.2c)

xi(t) = x0 +
∫ t

t0

fi(xi(τ), v̄i(τ))dτ. (7.2d)

We then replace the true voltage v̄(t) by an approximation ˆ̄v(t).

ˆ̄iN (t) = Ȳ ˆ̄v(t) (7.3a)
ˆ̄iC

i (t) = hi(x̂i(t), ˆ̄vi(t)) (7.3b)

x̂i(t) = x0 +
∫ t

t0

fi(xi(τ), ˆ̄vi(τ))dτ. (7.3c)

We, on purpose, leave out the current balance, as we do not satisfy this constraint unless ˆ̄v(t) = v̄(t)
over the entire time interval. One can think of this as a relaxation of the coupling constraint. Our
goal is to iteratively update the voltage approximation ˆ̄v(k)(t) such that we reduce this mismatch,
i.e., tightening the relaxation.

Therefore, the algorithm, depicted in Figure 7.2, starts by estimating an initial voltage profile
for each bus. Based on that estimate, we can evaluate the dynamic evolution of all components
x̂i(t) and their current injection ˆ̄iC

i (t) into the power grid. At the same time, the network currents
ˆ̄iN (t) can also be computed. The current injections and the network flows should at all time
obey Kirchhoff’s current balance law. However, given the estimated voltage profile, this is likely
to be not true; there will be a complex current error ε̄ and the objective becomes to minimise
the error by changing the estimate of the voltage profile ˆ̄v(k+1)(t) in the next iteration. To be
more precise, we parametrise the approximated voltage profile ˆ̄v(k)(t,Ξ(k)) by a set of parameters
Ξ(k) and we achieve a change in the voltage profile by iteratively updating these parameters with
Ξ(k+1) = Ξ(k) + ∆Ξ(k).

This algorithm has two components conceptually similar to [22]: The use of a parametrised voltage
approximation ˆ̄v(t,Ξ(k)), which we will discuss in Section 7.3 and a scheme to update this voltage
parametrisation that we discuss in Section 7.4. The big difference comes into play at the step
where we approximate the state evolution x̂ to obtain the current injection ˆ̄iC as a function of
the parametrised voltage to then compute the current error. Wang, Duan and Sun used in [22] a
power-series for the state approximation; instead, we propose the use of PINNs for this task. The
rationale for this adaptation follows the discussion in Chapter 3, namely the capability of PINNs
to provide fast evaluations while maintaining high accuracy for long time step sizes. Section 7.5
presents the adaptations that we have to make to the learning formulation for PINNs compared to
Chapter 3.

We will see that the resulting algorithm is conceptually simple to implement, encourages parallelisa-
tion and provides a continuous solution across a time step. It furthermore becomes computational
cost-wise largely independent of the dimensionality of the components’ state space as it depends on
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Ξ(0),∆Ξ(0), k = 0

ˆ̄v(k)(t,Ξ(k))

ε̄(t,Ξ(k)) = ˆ̄iN (ˆ̄v(k))− ˆ̄iC(x̂(k), ˆ̄v(k))

min∆Ξ(k) ∥ε̄∥2

Ξ(k+1) = Ξ(k) +∆Ξ(k)

∥∥∆Ξ(k)
∥∥ < ∆Ξmax

k < kmax

Ξ(final), kfinal

k ← k + 1
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Parametrisation update

Convergence criterion

Output

Figure 7.2: PINNSim solution approach for simulating a time step for a system of DAEs.

the size of the PINNs instead3. As the above algorithm solves the system of DAEs for a single time
step, a conventional time-stepping scheme leads to a full simulator as we outline in Section 7.6.
After presenting the different steps of the algorithm, Section 7.7 will show and discuss the factors
that influence the accuracy and speed of the resulting solution.

7.3 Voltage parametrisation ˆ̄v

The temporal evolution of the complex voltage v̄i(t) at bus i could be expressed in multiple ways.
We follow [22] and opt for a Taylor series of order r around v̄i(t0) in polar form, i.e., for its
magnitude Vi(t) and angle θi(t)

v̄i(t) = Vi(t)ejθi(t) ≈

(
r∑

k=0
Vk,i(t− t0)k

)
ej(
∑r

k=0
θk,i(t−t0)k) = ˆ̄vi(t) (7.4)

The coefficients V0,i, V1,i, . . . , Vr,i and θ0,i, θ1,i, . . . , θr,i form the parameters which we will later on
update to improve the initial estimate. We subsequently refer to this estimate as ˆ̄vi(t,Ξi). The
vector Ξi collects all parameters at bus i

Ξi =
[
V0,i θ0,i . . . Vr,i, θr,i

]⊤
, Ξi ∈ R2(r+1). (7.5)

3The size will be dependent on the task difficulty as seen in Chapter 3 which in turn will be affected by the
dimensionality of the component’s state.
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We conduct this parametrisation for the voltage at all n buses in the system and collect the
corresponding parameters in the vector Ξ

Ξ =
[
Ξ⊤

i . . . Ξ⊤
n

]⊤
, Ξ ∈ R2(r+1)n (7.6)

The choice of an appropriate basis function in (7.4) is free, however, a small number of parameters
is desirable. For this reason, we for example choose the polar form over the rectangular form as the
former extrapolates better as reported in [13], [137]. The benefit of few parameters is, first, that
we add fewer dimensions to the learning problem that approximates the components’ dynamical
responses, see Section 7.5. Second, the optimisation problem that we need to solve later on to
update the parameters Ξ, see Section 7.4, will be of size dim(Ξ) = 2(r + 1)n.

Let us for a moment assume that we knew the evolution of the true voltage v̄i. Our goal is to
find a suitable approximation ˆ̄vi as defined above. To judge the quality of the approximation, we
calculate the residual between the parametrised voltage ˆ̄vi and the true voltage v̄i and apply a
norm over the interval ∥∥ˆ̄vi(t)− v̄i(t)

∥∥ , t0 ≤ t ≤ t0 + ∆t. (7.7)

In practice, we can only evaluate this norm – we choose the L2-norm – on a finite number of points
on the interval ∥∥ˆ̄vi(tk,Ξi)− v̄i(tk)

∥∥
2 tk ∈ [t1, . . . , ts]. (7.8)

This evaluation will depend on the number of query points s, but its value divided by the number
of points should converge when we evenly space the s points and increase their number4. This,
however, also means, that the number and placement of the s points will determine which set of
parameters Ξi for a given polynomial order r is considered the best approximation determined in
the following minimisation problem, a classical least-square problem

min
Ξi

∥∥ˆ̄vi(tk,Ξi)− v̄i(tk)
∥∥

2 , tk ∈ [t1, . . . , ts]. (7.9)

In the following, we illustrate these considerations by comparing the outcome of the approximations
of the voltage magnitude |ˆ̄vi| as a function of s and r. In Figure 7.3, we show voltage profiles of
increasing order r for two time interval lengths (∆t = 0.5 s and ∆t = 2 s) that is fitted using a large
number of query points s. These fits can be considered the near optimal parametrisation when
using the L2-norm as the metric. For ∆t = 0.5, it is clear that already for r ≥ 5, the approximation
is visually indistinguishable from the exact solution. For the larger time interval, the voltage profile
is more complicated, hence, we need a significantly higher order approximation. The least-square
problem (7.9) requires s ≥ r + 1 to be not under-determined. For a linear fit, i.e., r = 1, we need at
least two points to determine a unique fit. For three or more (distinct) points the system will be
over-determined. By increasing the number of “excess” points s− (r + 1), the objective value in
(7.9) will converge to the value that corresponds to the optimal parametrisation.

In Figure 7.4 we show this converging behaviour. The error on the y-axis is the value of (7.7)
evaluated with a discretisation of 0.001 s. By increasing the number of excess points s− (r + 1) in
the optimisation problem (7.9), we see the expected converging behaviour. We can furthermore
conclude that for more than 5 excess points the error does barely change.

4We essentially approximate the temporal integral over the squared residual similar to a Riemann-sum that was
also used for the integration of an Ordinary Differential Equation (ODE) in Section 2.2.
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Figure 7.3: Quality of the fit of ˆ̄vi for increasing r with s = (r + 1) + 50.
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The above analyses assumed that we knew the true voltage profile. This will not be the case any
more in the following; instead, we choose the functional form of the voltage approximations ˆ̄vi, here
a Taylor series of order r, we fix this decision and subsequently only adapt the parameters Ξ. The
insights from above are, nonetheless, helpful to understand how the parameters r and s influence
the approximation accuracy. We will apply a similar optimisation in the subsequent section.

7.4 Update of the voltage parametrisation Ξ

In this step, we “solve” the constructed problem by finding the voltage parametrisation Ξ that
leads to the best agreement of the current balance across the interval and all buses. For the exact
solution of the DAEs, the current balance must hold across the entire time interval which we write
as [

ℜ
(
īN (v̄(t))− īC(v̄(t),x(t))

)
ℑ
(
īN (v̄(t))− īC(v̄(t),x(t))

)] = 0, ∀t ∈ [t0, t0 + ∆t] (7.10)

īC
i (t) = hi(xi(t), v̄i(t)) (7.11)

xi(t) = x0 +
∫ t

t0

fi(xi(τ), v̄i(τ))dτ. (7.12)
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The voltage approximation ˆ̄v(t,Ξ) introduces a complex error ε̄(t,Ξ;x0) as a function of the voltage
parameters Ξ and time t for a given initial condition x0

ε̄(t,Ξ;x0) :=

ℜ(ˆ̄iN (ˆ̄v)− ˆ̄iC(ˆ̄v, x̂)
)

ℑ
(ˆ̄iN (ˆ̄v)− ˆ̄iC(ˆ̄v, x̂)

) (7.13)

ˆ̄iC
i (t,Ξi;x0,i) = hi(x̂i, ˆ̄vi) ∀i ∈ N (7.14)

x̂i(t,Ξi;x0,i) = x0,i +
∫ t

t0

fi(x̂i, ˆ̄vi,ui)dτ. (7.15)

The goal becomes to minimise a norm of this current error ε̄ over the interval [t0, t0 + ∆t]

min
Ξ
∥ε̄(t,Ξ;x0)∥, t0 ≤ t ≤ t0 + ∆t. (7.16)

To render the above optimisation problem tractable, we choose to query the current error ε̄(t,Ξ;x0)
at s points and use the L2-norm as the metric

min
Ξ
∥ρ(t,Ξ,x0)∥2 . (7.17)

The query points are collected in t = [t1, . . . , ts] and their evaluation on the current error ε̄ leads
to the residual ρ

ρ(t,Ξ,x0) =


ε̄(t1,x0,Ξ)

...

ε̄(ts,x0,Ξ)

 , R ∈ R2ns. (7.18)

We solve this non-linear least-square problem by expanding the residual ρ in a Taylor-series

ρ(Ξ + ∆Ξ) = ρ(Ξ) + ∂

∂Ξ
ρ(Ξ)∆Ξ +O

(
(∆Ξ)2

)
, (7.19)

and solve for the voltage parametrisation update ∆Ξ that eliminates the new residual when
assuming a linear dependency on Ξ, i.e., ρ(Ξ+ ∆Ξ) = 0 and O

(
(∆Ξ)2

)
≈ 0. This constitutes the

Newton-Raphson algorithm and leads to the final formulation which we implement:

min
∆Ξ(k)

∥∥∥J∆Ξ(k) − ρ
∥∥∥

2
(7.20)

J =


∂ε̄(t1,x0,Ξ(k))

∂Ξ(k)

...
∂ε̄(ts,x0,Ξ(k))

∂Ξ(k)

 , J ∈ R2sn×2rn (7.21)

ρ =


ε̄(t1,x0,Ξ(k))

...

ε̄(ts,x0,Ξ(k))

 , ρ ∈ R2sn×1. (7.22)

By applying an iterative procedure, we aim to converge to the optimal voltage parametrisation
Ξ(∗) for the given choice of r and s. These iterative update steps are fully determined if rank(J) =
2(r + 1)n, hence we will from here on always require s ≥ r + 1 to avoid under-determined systems5.

5Under the assumptions that gy is not singular (the entire approach requires it), the s points are distinct, i.e., no
coinciding points, and that the component current injection ˆ̄iC are not independent of the voltage parametrisation,
s = r + 1 leads to a non-singular Jacobian.
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The Jacobian J contains a lot of structure, which becomes apparent when considering a single
query point l

∂ε̄(tl,x0,Ξ(k))
∂Ξ(k) = ∂

∂Ξ(k)

ℜ(ˆ̄iN (tl,Ξ
(k))− ˆ̄iC(tl,Ξ

(k);x0)
)

ℑ
(ˆ̄iN (tl,Ξ

(k))− ˆ̄iC(tl,Ξ
(k);x0)

) (7.23)

= ∂

∂Ξ(k)

ℜ(ˆ̄iN (tl,Ξ
(k))
)

ℑ
(ˆ̄iN (tl,Ξ

(k))
)− ∂

∂Ξ(k)

ℜ(ˆ̄iC(tl,Ξ
(k);x0)

)
ℑ
(ˆ̄iC(tl,Ξ

(k);x0)
) . (7.24)

The first term corresponds to the Jacobian of the network currents īN , which yields a large but
sparse matrix which can be explicitly formulated as a function of the voltage parametrisation Ξ

and time t. The other term represents the Jacobian on the component currents īC . At this point,
the decomposition idea comes back into play, as the components usually only connect to a single
bus. This in turn means that we only obtain non-zero entries in the Jacobian at buses, where a
component is connected.

However, to evaluate this Jacobian we need to solve the integrals in (7.15) for the state evolution
of the components. Utilising a differentiable ODE solver, e.g., torchdiffeq [138] or DifferentialEqua-
tions.jl [139], this is comparably slow but possible thanks to the adjoint method, see descriptions in
[118], [119]. When using such a differentiable ODE solver, all error that we introduced so far is
related to the quality of the voltage parametrisation as we discussed in Section 7.3. By using a
sufficiently accurate voltage parametrisation, i.e., a large enough r, we should be able to bring the
current mismatch ε̄ close to zero over the entire time interval.

However, to make this approach attractive from a speed perspective, we have to add another
approximation. We replace the exact ODE solver by a fast approximation of its solution, i.e.,
utilise a flow approximation. As we discussed in Chapter 3, an explicit RK scheme is a potential
scheme, however, the accuracy might limit the time step size. Instead, we apply a PINN-based
flow approximator Φ̂i for each component i to approximate their trajectory x̂i and then compute
the current injection ˆ̄iC

i . Evaluating the Jacobian ∂ˆ̄iC
i /∂Ξ(k) in either case (RK4 or NN) requires

only two backward passes, one each for real and imaginary part of the current injection, a simple
operation with Automatic Differentiation (AD).

7.5 Approximation of the component dynamic x̂

Here, we consider the approximation of the dynamics of a component, that are described by

xi = x0,i +
∫ t

t0

fi(xi, v̄i,ui). (7.25)

In its essence the question of finding a good approximation x̂i relates back to the approaches
presented in Chapter 3. The only adaptation and extension we need, is to include the voltage
parametrisation Ξi in the input z0 vector. Whereas we assumed an infinite bus, i.e., a constant
voltage at the connecting bus of the component, in Chapter 3, incorporating Ξi allows for a dynamic
bus formulation as suggested in [22]. The hypothesis class for the PINN becomes

x̂NN
i = x0,i + ∆t NNi(z0) (7.26)

z0 =
[
t x0,i ui Ξi

]
. (7.27)
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We use the residual formulation (3.31) with the consistent initial condition (Residual A) to recover
the desirable property of numerical convergence. Reducing the time step size should therefore
improve the accuracy later on. A non-trivial part is the choice of input domain. For an ideal
solver, this domain spans a large part of the domain of the phase space and the possible voltage
parametrisations. We apply an annular sampling for the initial state and linear sampling for time.
For the voltage parametrisation, we use a uniform sampling U(min, max) within a box defined by
an upper Ξi and lower Ξ

i
limit of the parameters Ξi.

Ξi ∼ U(Ξ
i
,Ξi) (7.28)

Choosing these limits is a balancing act between learning too much or too little. In the former the
learning task T is more difficult, which requires larger models and datasets for the same accuracy.
In the latter, the accuracy might be low for inputs around or outside the limits which would harm
the entire algorithm’s accuracy.

To ensure that the resulting trajectory prediction lies within the training domain, a check after
convergence of the voltage update algorithm should be performed. During the update of the voltage
parametrisation, we may allow it to use predictions beyond the training domain as long as the final
parametrisation lies within the training domain. Such a check becomes especially important for
cases such as short-circuits or line outages that lead to large voltage deviations outside of normal
or desired operating ranges.

7.6 PINNSim - the full algorithm

We combine the previous sections in Algorithm 1 to solve for the evolution of the approximated
voltage ˆ̄v and the approximated states x̂ over a time step of size ∆t. It corresponds to the
illustration in Figure 7.2. We need to provide the initial conditions of the states x0 and the query
points t to the algorithm. Furthermore, we need to set Ξ(0) and the current iteration k = 0. The
values for the stopping criteria, i.e., the required tolerance on ∆Ξmax and the maximum number of
iterations kmax, can stem from a global setting.

Algorithm 1 Voltage parametrisation update
Require: x0, t
Initialise: Ξ(0), ∆Ξmax, kmax, k = 0

1: while ∆Ξ(k) > ∆Ξmax and k < kmax do
2: for component i = 1, . . . , m do
3: Calculate current injections ˆ̄iC

i = hi(t,x0,i,Ξ
(k)
i ) with a PINN

4: Calculate Jacobian ∂ˆ̄iC
i /∂Ξ

(k)
iend

5: Calculate network injections ˆ̄iN (t,Ξ(k))
6: Calculate network Jacobian ∂ˆ̄iN (t,Ξ(k))/∂Ξ(k)

7: Calculate current balance error ε̄
8: Calculate voltage parameter update ∆Ξ(k)

9: Update iteration Ξ(k+1) = Ξ(k) + ∆Ξ(k), k = k + 1
end

10: return Ξ(final)

As we will describe in Section 7.7.2, we still observe a critical dependence of the accuracy on the
time step size caused primarily by an inaccurate approximation of the bus voltages, i.e., when
we choose a too small r. This limits the time step size ∆t if we aim to remain within a specified
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tolerance level. To simulate beyond this limit, we can apply the above procedure in a time-stepping
fashion as laid out in Algorithm 2.

Algorithm 2 DAE simulator based on a time-stepping scheme
Require: x0, t0, tmax, ∆t
Initialise: x′

0 = x0, t′ = t0, teval

1: while t′ ≤ tmax do
2: Define query points t on the interval [t′, t′ + ∆t]
3: Calculate voltage parametrisation Ξ(t,x′

0)
4: Evaluate and store trajectory [teval, x̂(teval,x

′
0,Ξ)]

5: Update initial values x′
0 ← x̂(∆t,x′

0,Ξ) and t′ ← t′ + ∆t
end

6: return Trajectory

With PINNSim, we refer to the combination of Algorithms 1 and 2 with PINNs used for the
approximations of the state evolution x̂ and the current injection ˆ̄iC . PINNSim can also be run
with Runge-Kutta (RK) schemes or differentiable ODE solvers as we describe in Sections 7.4 and 7.5
– only lines 3 and 4 in Algorithm 1 would be affected. However, the use of PINNs combines high
approximation speed with high approximation accuracy. Importantly, this can hold even for large
time step sizes; a RK-based or an ODE solver-based version of PINNSim will either be much slower
(ODE solver-based) or limited to small time step size (RK-based) as we will show in the subsequent
section. This shall highlight that the use of PINNs becomes the key to making PINNSim an
attractive DAE solution algorithm. Needless to say, that there are many possible extensions to
improve the efficiency of the algorithm such as an improved initialisation, adaptive time step sizes,
and error estimation.

7.7 Experiments

This section shall demonstrate the characteristics of PINNSim. These results can be seen as a proof
of concept and similar to Chapters 3 and 6 we focus mostly on describing the observed trends. We
use the setup described in Section 7.7.1 to first illustrate the prediction for a single time step in
Section 7.7.2 and then show results for a full trajectory in Section 7.7.3.

7.7.1 Setup

The 9-bus system serves as a test case for this section. We use the same setup that we described in
Chapter 5 and applied in Chapter 6. We simulate a trajectory of up to 3 s with a change of the
control input of generator 1 of η = −0.5.

The PINNs for the state approximations x̂ consist of 3 layers with 24 neurons each. We train
these PINNs for a maximum state radius of ∥x∥T,2 = 0.3 (see definition in Section 3.3) and
use a linear voltage parametrisation in the range of Ξi = [θset − π, Vset − 0.25,−3.5,−0.5] and
Ξi = [θset + π, Vset + 0.25, 3.5, 0.5] dependent on the set-points θset, Vset from the steady-state
power flow. For the present case, we extracted these values from the ground truth simulation of
the system. In an application setting, these limits need to be chosen wide enough such that they
cover all encountered states and voltage profiles.

For comparison, we also implement the following additional approximators, namely three explicit
RK-based approximators (Forward-Euler (FE), Midpoint, 4th-order Runge-Kutta (RK4) – see



7.7. EXPERIMENTS 127

Section 2.2 for their definition), and an ODE solver. All of them need to be differentiable, which for
the ODE solver is achievable using, e.g., torchdiffeq [138] or DifferentialEquations.jl [139]. While
being the most accurate solution, the exact ODE solution requires a significantly longer solution
time, therefore, it serves primarily as a reference value for the achievable accuracy. This reference
value represents an “exact” solution given the voltage parametrisation, hence the error that we
observe can be entirely attributed to the form of the voltage parametrisation and the formulation
of its update. The explicit RK schemes on the other hand provide us with a benchmark for speed
and illustrate the benefit that PINNs provide.

In addition, we also compare the results with an implementation of the trapezoidal rule. In fact,
the trapezoidal rule is very similar to a scheme with a linear voltage profile r = 1 evaluated on two
points, i.e., s = 2, at the beginning and the end of the time step. Only the state approximation is
obtained with an implicit scheme instead of an explicit one.

For the error computations for a single time step, we use the final value of the prediction as
they serve as the initial condition for the subsequent step. Its magnitude will be critical for a
time-stepping-based simulator as errors will compound. For the analysis of an entire trajectory, we
will use the maximum observed error. In case of the trapezoidal rule, we assume a linear evolution
of all variables between t0 and t0 + ∆t.

7.7.2 Single time step

We begin with tests on a single time step to obtain an understanding for the sources of approximation
errors and the limitations that arise for the simulation of longer time periods, i.e., when applying a
time-stepping scheme. As in previous chapters, we distinguish between questions of accuracy and
speed.

Accuracy

There are two sources of errors in PINNSim. The first relates to the approximation of the voltage
by the finite Taylor series. Based on this approximation, the components’ state trajectories need to
be evaluated which can incur further approximation error based on the used scheme. Crucially,
both are dependent on the time step size ∆t as the following presents. In a first analysis, we show
in Figure 7.5 the maximum observed error for the difference between the rotor angle and voltage
angle at the corresponding bus, i.e., maxi |δi − θi|. Along the x-axis we increase the time steps size
∆t and the y-axis corresponds to the use of different approximators for x̂. The different panels
correspond to the order of the voltage approximation r. While we have implemented the RK and
ODE solver-based state predictions up to order r = 4, the trapezoidal rule and the PINN-based
approximators only appear in the first panel, i.e., for a linear voltage profile. For the trapezoidal
rule, this is the case by construction. The PINN-based approximation could also be implemented
for higher order voltage profiles. Such implementations will be addressed in future work. The
colouring indicates the maximum absolute error at the end of the time step. We on purpose limited
the colour scale to 1 deg. All tiles with a deep-yellow colour lead to errors larger than this threshold
and should not be considered as accurate enough. When we apply the time-stepping algorithm
even relatively small errors like 1 deg can quickly grow due to compounding effects. If many time
steps are necessary, it is likely that this error tolerance needs to be significantly tighter to maintain
high accuracy in the long-run.



128 CHAPTER 7. PINNSIM – A PINN-BASED SIMULATOR

FE

Midpoint

RK4

ODE

Trapezoidal

NN

10−3 10−2 10−1 100

Error δ − θ [deg]

FE

Midpoint

RK4

ODE

FE

Midpoint

RK4

ODE

0.01 0.02 0.05 0.1 0.15 0.2 0.25

FE

Midpoint

RK4

ODE

Time step size ∆t [s]

r = 1

r = 2

r = 3

r = 4

Figure 7.5: Maximum approximation error |δi − θi| at the end of the time step as a function of
the order of the voltage parametrisation r (rows), the predictor scheme (y-axis) and the time step
size ∆t (x-axis).

The main trend in Figure 7.5 is that higher orders of the voltage profile lead to significantly better
predictions, given the use of an accurate approximation of the component dynamics. The ODE
predictor can be seen as the most accurate predictor given a certain voltage profile. Out of the
explicit RK schemes, only RK4 provides a viable alternative, as the FE and Midpoint predictor incur
relatively high errors even for small time steps. As the errors do not reduce when increasing the
voltage profile order, they can be attributed to the inaccuracy of the predictor scheme itself. Even
for the RK4 scheme, we observe that the accuracy deteriorates for time steps larger than 0.1 s (in
this setup). The trapezoidal rule performs very well for small time step sizes but reaches its accuracy
limit also around 0.1 s; this originates from the local truncation error which scales as O

(
(∆t)−3

)
.

One observation sticks out though: The supposedly most accurate ODE solution performs not as
well as expected for the linear voltage profile and worse than the PINN-based approach. The reason
lies in the placement of the query points as the next paragraph explains. Overall, the PINN-based
approximator yields the best results among the methods for r = 1. We show the corresponding
results for the errors of the other variable types, i.e., ∆ω, θ, V , in Appendix B.2. The observed
trends largely hold, for the parametrised variables θ and V , the predictor scheme has slightly less
importance, instead, the order of the voltage profile gains importance.
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The placement of the query points t

To understand the better performance of the PINN-based approximator compared to the ODE
solver-based approximator, we need to consider the placement of the query points t. We are free
to place these query points and choose their number, but these decisions will impact the update
scheme of voltage parametrisation (see Algorithm 1). The following argument is close related to
the one in Section 7.3.

The objective in the update scheme of the voltage parametrisation is the minimisation of a norm of
the current error across the given time interval, as we formulated in (7.16)

min
Ξ
∥ε̄(t,Ξ;x0)∥, t0 ≤ t ≤ t0 + ∆t.

By evaluating the current error ε̄ on the selected query points t, we approximate this objective
value. As argued in Section 7.3, we can improve the accuracy of such an approximation by querying
more points. However, for reasons of efficiency, we want to keep the number as low as possible
without compromising too much on its accuracy. We illustrate what this means in Figure 7.6. In the
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Figure 7.6: Interpretation of the query points as an integral approximation for the current
difference between the network and component currents. For spacing type A, the covered area is
wider than for spacing type B due to the placement of the query points (red marks).

left-most panel, we plot a network current approximation ˆ̄iN in blue and the corresponding current
injection from a component ˆ̄iC in orange for an initial parametrisation Ξ(0). By adjusting the
voltage parametrisation Ξ, we aim to reduce the current mismatch, i.e., the difference between the
two curves, over the time step; it can be viewed as minimising an “area” between the two curves6.
With the evaluation of the error at query points, we approximate this area in order to subsequently
reduce its size. In the other two plots, we display the squared error on the y-axis which yields the
black line for the given example. The two plots approximate the integral (the area under the curve)
in two different ways. In the central plot, we place the query points at t = [0, 1/2, 1] ·∆t, we call
it “spacing type A”. In the plot to the right, we choose t = [1/6, 3/6, 5/6] ·∆t, named “spacing
type B”. The rectangles illustrate the resulting area approximations. The placement of the query
points according to spacing type A includes the values at the boundary and therefore estimates the

6The exact interpretation of the term area depends on how the norm ∥ε̄∥ is defined. We will use the L2-norm,
which is closely linked to the familiar Euclidean space and the common use of the term area.
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area beyond the time step interval, indicated by the dotted lines. Hence, the error at the boundary
becomes more influential. With spacing type B, we cover only the time interval. In the process of
adjusting Ξ, the black curve, i.e., the squared current error, will change and thereby also the area
under the curve. The resulting values for Ξ hence depend on the covered area. This optimisation
corresponds to finding the least-square fit that we use in (7.20).

The insight from this analysis is that spacing B is preferred as the resulting fit is optimised only
for the time step and not beyond as it is the case for spacing type A. Hence, we applied spacing
type B with s = (r + 1) + 10 whenever possible, i.e., for the PINN and RK-based approximators.
For the ODE solver-based approximation, this attempt raised convergence difficulties as the initial
condition of the algebraic variables can vary significantly. Hence, we use the spacing type A with
s = (r + 1) + 3 as a compromise of accuracy and speed. For the linear voltage profile, i.e., r = 1,
this limits the achievable accuracy, for higher order voltage profiles it becomes less of a concern
as the overall current errors are much lower due to a better fit between network and component
currents. This also means, that the ODE solver-based approximation becomes a good indication
for the achievable accuracy and that well-trained PINNs with the spacing type B can be expected
to yield similar accuracy.

Speed

In terms of speed, we have to consider not only the speed of the predictor itself as treated in
Section 3.2, but also the iterative procedure to find the appropriate voltage parametrisation Ξ.
Hence, the number of iterations becomes an important factor, and we plot in Figure 7.7 the number
of iterations in dependence of the time step size ∆t, the predictor scheme, and the voltage profile
order r. We observe that the number of iteration increases with higher order voltage profiles and
increasing time step sizes. The exact number of iteration is also a matter of the set tolerance on the
magnitude of ∆Ξ. Here, the termination criterion is set to ∆Ξmax = 10−4 except for the trapezoidal
rule (∆Ξmax = 10−8). The PINN-based approach can require many (up to the maximum of 20)
iterations for large time steps. This is likely to be an effect of the insufficiently accurate voltage
profile in combination with the prediction accuracy of the PINNs. Slight changes in Ξ can continue
to alter the residuals but without converging to a local optimum and matching the termination
criterion. We draw a similar conclusion for the RK4 predictor with r = 3 and r = 4. The higher
number of iterations for large time step sizes compared to the ODE solver-based approximation
indicates that inaccuracies in the state approximation x̂ will hamper the convergence of the voltage
update scheme.

Comparing the actual run-times is only mildly insightful as none of the methods is optimised
implementation-wise. On a per-iteration-basis, the trapezoidal scheme requires around 0.012 s, FE
around 0.027 s, Midpoint around 0.033 s, RK4 around 0.042 s, and PINN around 0.021 s. These
numbers will vary based on the order of the voltage profile and the number of query points. Overall,
the trapezoidal rule delivers a powerful update scheme, that is fast and requires few iterations.
However, accuracy requirements will limit the time step size which can offset these benefits of
speed. Using a RK4 or PINN-based approximator might be more expensive per time step, but by
using fewer time step, there is a potential speed-up.

By analysing the time-complexity of the different steps in the algorithm, we can obtain further
insights. In the case of ideal parallelisation, the calculation of the current component injections
and their Jacobians with respect to the voltage parameters Ξ can all be executed in parallel. The
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Figure 7.7: Number of iteration as a function of the order of the voltage parametrisation r, the
predictor scheme and the time step size ∆t.

run-time would then depend on the longest of these computations. By simultaneously evaluating
the network currents and their Jacobian, all necessary computations to calculate the residual ρ and
its Jacobian J can be performed in parallel. Hence, the run-time could be reduced in the ideal case
to three times (1 forward and 2 backward passes) the run-time of the largest PINN or the run-time
of evaluating the network equations (7.3a). The solution of the resulting least-square problem is
then the other potentially time-consuming operation. It will scale with the number of buses n, the
order of the voltage profile r and the number of query points s (we impose s ≥ r + 1). In the worst
case, the time-complexity of the least-square problem would scale as O(snr)3. However, thanks to
the sparsity and known structure in the Jacobian, solving the least-square problem can be optimised
and solved much faster. In the conducted experiments, it required only a small fraction of the
overall computation time. However, for very large systems the solution of the least-square problem
might become the main computational burden. Future work on PINNSim should therefore keep
the potential for run-time optimisation in mind. The authors in [140] give an overview over many
algorithms related to the optimisation of sparse linear systems that could be used as a starting
point.
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7.7.3 Multistep simulator

We now treat the prediction of an entire trajectory, i.e., applying the time-stepping simulator
described in Algorithm 2. Given the analyses above, we use the RK4, ODE solver, and PINN-based
approximators, the other predictors would require too small time steps for meaningful results. Apart
from the trapezoidal rule, we use s = (r +1)+3 for all schemes, rendering the least-square problems
over-determined. First, we analyse the resulting trajectories in the time domain to illustrate the
simulator’s characteristics, before presenting results to judge its overall accuracy and speed.

Trajectory analysis

We begin by presenting the results from the simulations in the time domain. In Figure 7.8, we
display the resulting trajectories of the differential variables x̂ for a time step size of ∆t = 0.05 s in
the left column and for a time step size of ∆t = 0.15 s in the right column. The used voltage profile
is of order r = 1. For the smaller time step size, we observe overall very good agreement between
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Figure 7.8: Prediction of the trajectory of the differential states for the three generators. The
dashed black line represents the ground truth.

the ground truth (black dashed line) and the three prediction schemes. For the larger time step
size in the right column, the RK4-based scheme (red) quickly deviates from the exact solution. The
trapezoidal scheme (blue) remains closer to the exact solution, but also shows significant errors,
best seen for the rotor angle. The PINN-based scheme approximates the frequency deviation ∆ω

very accurately and also follows the rotor angle trajectory well. However, the PINN and RK4-based
predictions show a strange pattern for the rotor angle. The reason for this artefact is as follows: We
plot the angle difference δi− θi. As the approximation of θi is restricted to a linear profile it cannot
fit any curved trajectory. Because we placed the query points for the PINN and RK4-based schemes
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according to the spacing type B (see the previous section), large errors can occur at the boundaries
of the time step. This becomes even clearer when we consider the algebraic variables, i.e., the bus
voltage approximations ˆ̄v, in Figure 7.9. For ∆t = 0.05 s all scheme resemble the ground truth
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Figure 7.9: Prediction of the trajectory of the algebraic states at three buses. The dashed black
line represents the ground truth.

closely, only the trapezoidal rule shows a slight deviation in the bus voltage angles. In contrast, the
larger time step ∆t = 0.15 s leads to great inaccuracies for the trapezoidal and RK4-based scheme.
Focussing on the voltage angles θi, we observe an instructive result. For the RK4-based scheme,
the voltage angle shows jumps at the boundaries of the time steps. The trapezoidal scheme, in
contrast, has no such jumps. By construction, the trapezoidal scheme will be consistent between
time steps. Due to its discretisation for the update scheme, only the variables at the end of a time
step are adjusted. The initial condition simply equals the value at the end of the previous time step.
For the RK4 and PINN-based schemes we do not impose such a constraint. Instead, the update
scheme relies on finding the fit with the lowest current error for the chosen query points. When the
approximation of the states x̂ is accurate, it allows for a good trajectory approximation even for
large time steps, as the PINN-based scheme shows. When the state approximation is too inaccurate,
e.g., with a RK4 approximator, the resulting trajectories will also be inaccurate. The magnitude
in the jumps of the voltage approximation ˆ̄v can be an indication of insufficient approximation
quality. This analysis can be understood even better when considering the current error ε̄. As the
current balance (7.2a) needs to hold across for entire trajectory for an exact solution, the current
error should, by intuition, also be low for an accurate approximation scheme. The small current
errors for ∆t = 0.05 s, shown in Figure 7.10, do align with this intuition. However, when we look at
a larger time step size, i.e., ∆t = 0.15 s, it becomes clear that the current error alone might not be
sufficient for judging the solution accuracy. The RK4-based scheme shows current errors of similar



134 CHAPTER 7. PINNSIM – A PINN-BASED SIMULATOR

−0.2

−0.1

0

0.1

ℜ
(ε̄
)
[p
.u
.]

∆t = 0.05 s

RK4 Trapezoidal PINN

∆t = 0.15 s

0 0.5 1 1.5 2 2.5 3
−0.4

−0.2

0

0.2

Time t

ℑ
(ε̄
)
[p
.u
.]

0 0.5 1 1.5 2 2.5 3

Time t

Figure 7.10: Current error ε̄ at a single bus.

magnitude as the PINN-based scheme. Still, the former is not accurate as seen in Figures 7.8
and 7.9. The reason is that we also require an accurate approximation of the state evolution (7.3c)
given a voltage approximation ˆ̄v. For a large time step size of ∆t = 0.15 s, this requirement can be
achieved with a PINN but not with a RK4 approximator, which shows that using PINNs plays a
crucial role in PINNSim.

Accuracy and speed

Similar to the single time step analysis, we now plot the maximum errors of the differential and
algebraic variables along the entire trajectory. Across all variables we see that the errors for the
PINN-based simulator remain low, even for large time step sizes. When increasing the voltage
profile order, the ODE-based simulator achieves accurate results for all tested time step size. Based
on the previous results and arguments, PINNSim should be able to provide results of similar
accuracy by training PINNs with higher-order voltage profiles.

To judge speed, we show in Figure 7.12 the average number of iterations per time step k̄. The
results align with the observations from the analysis of a single time step, which implies that
the high number of iterations for the PINN-based simulator originate from the single time step
behaviour. Hence, they should be addressed there to lower the number of iterations for each time
step. The total simulation time then scales inversely proportional with the time step size and
proportional to the cost per iteration CI as discussed in Section 7.7.2. This leads to an overall time
complexity of O(k̄ CI (∆t)−1). The speed-improvements gained from larger time steps need to be
weighted against potentially slower convergence of the voltage update scheme, i.e., larger k̄.
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Figure 7.11: Maximum approximation error over the trajectory as a function of the order of the
voltage parametrisation, the predictor scheme and the time step size.

7.8 Concluding remarks

This chapter has presented a proof-of-concept of a simulation algorithm for power system DAEs
which we call PINNSim. It allows incorporating PINN-based flow approximators into a scalable and
flexible solution algorithm. This could allow for very large time step sizes and thereby accelerate
TDSs. The two key factors for ensuring the simulator’s accuracy are the approximation quality of
the algebraic variables, here the complex bus voltages ˆ̄v, and the state evolution x̂. The former
can be achieved by an appropriate choice of the parametrisation of ˆ̄v, the latter hinges around
well-trained PINNs. The second aspect highlights the need for the investigation carried out in
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Figure 7.12: Average number of iterations across the simulation of the trajectory as a function of
the order of the voltage parametrisation, the predictor scheme and the time step size.

Part I. A tool like PINNSim will require certain characteristics, e.g., consistent solutions. By
defining a task T that represents these requirements, we can better align questions of how to train
and how to use PINNs.

Future work could follow a few lines of ideas. First, finding appropriate voltage parametrisation
schemes, i.e., basis functions, will be problem dependent. Polynomials are a straightforward choice
and have proved their appropriateness for this case. However, trigonometric or exponential basis
functions might offer the upside of using fewer parameters for more suitable approximations. Fewer
parameters, i.e., smaller r, reduce the size of the parameter update scheme but also simplify the
learning problem in terms of dimensionality.

A second line of work will concern the approximation of the component dynamics. Small time-scales
and many states often complicate dynamic simulations. Including higher-order models and in
particular models with smaller time-scales has therefore a high priority. The dynamics can be
extended to include control schemes and potentially even discrete behaviour. In the latter, we might
see non-smooth current injections, however, as long as the voltage profile can adjust accordingly,
the algorithm should be able to accommodate such difficult characteristics. The use of PINNs
could prove even more beneficial in such circumstances.

A third aspect is the optimisation of the voltage update scheme. It contains a lot of structure and
ideas like dishonest Newton-Raphson schemes, restructuring the matrices and vectors for better
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factorisation schemes, and improved initial parametrisation, e.g., based on the previous time step,
might offer significant potential for speed-ups.

In general, the implementation of the entire algorithm in a compiled and potentially parallelisable
fashion is necessary for assessing the realisable speed improvements. Given such an implementation,
larger systems are then to be explored. Furthermore, a range of simulation scenarios, such as
short circuits and line outages, needs to be test to demonstrate the robustness of the approach.
Additionally, theoretical analyses on the error bounds and convergence will be important to place
requirements on the PINN-based approximators. As argued in Chapter 3, given a task and
performance criteria, it is more a question of how quick rather than if we can learn the desired
approximators.





Part III

Conclusions on ML in power systems
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CHAPTER 8
Trusting ML-based methods in

power systems
In this chapter, we broaden our perspectives beyond the specifics of conducting Time-Domain
Simulations (TDSs) with Physics-Informed Neural Networks (PINNs) and ask what Machine
Learning (ML) models would need to provide to be embraced in power systems. To this end, we
adopt the idea of viewing models along the two dimension of usefulness and computational cost,
that we used to motivate this thesis in Chapter 1. If ML-based methods shall extend the region
of applicable models, we, ultimately, need to confront the question: When do we trust ML-based
methods in power system applications? In Section 8.1, we start by distinguishing two types of trust
in a modelling context and then illustrate in Section 8.2 which problems ML models might be used
for. In Section 8.3, we touch upon the point of trusting the process of learning models itself, i.e.,
increasing its robustness.

8.1 Trust in modelling and problem-solving

As the term trust is very hard to grasp and admits several nuances, we first always implicitly
consider a specific problem or question for which we decide whether to trust ML or not; statements
like “generally trusting or not trusting ML” cannot be derived here. Second, to make it a binary
decision, we apply the rule that if one is willing to utilise the modelling approach in real world
operation, i.e., one accepts the associated risk, one trusts the approach. Using a model may be
out of conviction or necessity, as we will discuss later on, but the benefit must be greater than the
risk associated with inaccuracies – this aligns with the idea of usefulness of models as described
in Chapter 1. Broadly speaking, there is a distinction between the problem formulation and the
solution method. As we argue in the following, trust in the former implies trust in the chosen
representation of reality, whereas trust in the latter concerns trust in the obtained solution.

8.1.1 Trusting the problem formulation

As motivated in Chapter 1, the power system is an extremely complicated physical system.
Describing it in all its detail leads to a model that might be useful for analysing many problems,
however, it would exceed the computational budget by far, i.e., it is intractable. A basic and
general optimisation problem could, for instance, be the provision of electricity at low cost while
ensuring availability throughout 99.99% of the year. While we now might have a clear problem
formulation, we cannot solve it. Out of the necessity to solve the problem of running the power
grid, we formulate multiple sub-problems and many more sub-sub-problems, and so on, to obtain
problem formulations that are actually tractable. Take the objective of cheap electricity: For
short-term scheduling of generators, we could formulate an Optimal Power Flow (OPF) problem
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considering a DC or an AC representation of the grid and include or exclude the uncertainty
associated with renewable sources. The AC-OPF with uncertainty would be the most adequate to
achieve (expected) cost optimality but if it is not tractable, we have to choose a simpler model. For
a ten-year expansion planning even a full DC-representation of the grid might lead to intractability,
hence, we might only use country-wise representations of the generating units. The choice of the
used problem formulation needs to consider if a tractable solution algorithm exists.

This “chopping-up” or simplification of a big problem into many smaller sub-problems – essentially
modelling – is the bread-and-butter of power system engineers; at an abstract level it concerns
using strategies of Reduced-Order Modelling (ROM). While the process is a necessity to run the
power system, it introduces sub-optimality and at times, even infeasibility between the solutions to
the sub-problems. In many cases, the approach to obtain a ROM formulation is to simplify the
physical model. Classic examples are the simplifications of the power grid from a non-linear AC-
representation to a linear DC-representation to a copperplate model or the modelling of synchronous
machines, starting from a flux-based model to the two-axis model to a classical machine model.
This process requires balancing the loss of accuracy, which potentially compromises the model’s
usefulness, and the gain of tractability. The fact, that we may have undergone several steps of
simplification beforehand, must always be kept in mind. The modelling errors in those steps might
be much more severe than the one introduced for the current ROM step. A simple example is the
question, whether a probabilistic DC-OPF is “better” than a deterministic AC-OPF? The answer is
setting-specific and actually a matter of trust, in the sense of trusting the applicability of a problem
formulation. As problem formulation defines a model, explicitly or implicitly, there will be a level
of usefulness associated with it.

8.1.2 Trusting the solution algorithm

Whenever we settled for a problem formulation, we can ask whether the algorithm to solve the
problem formulation, i.e., to evaluate the model, is trustworthy. Unless there exists an analytical
solution, we will inevitably incur a numerical approximation error. This approximation error
can reduce the usefulness of the model defined by the problem formulation. When we refer to
a solution, we usually imply that the numerical approximation errors are negligible. However,
from a perspective of usefulness, even a mildly inaccurate solution algorithm might not render its
solution useless. In a way, a solution algorithm entails a penalty on the usefulness of the problem
formulation. How big this usefulness-penalty is, depends on the errors that are made and their
severity. Balancing this usefulness-penalty with the potential gains in terms of computational cost
determines whether we will eventually trust the solution algorithm.

For the case of power system dynamics, one could consider if running a highly accurate TDS is
actually of benefit or if a faster but less accurate simulation would suffice; the incurred usefulness-
penalty will determine if the outcome is still considered useful. This decision becomes tightly linked
to the problem formulation itself. If, for instance, a fast but slightly inaccurate solution algorithm
allows the simulation of 1000 initial conditions instead of a single one, the information gained by
those additional runs could outweigh their lower accuracy. The overall usefulness might improve
because the faster algorithm enables us utilising more useful problem formulations (evaluating 1000
selected initial conditions instead of 1). The usefulness-penalty of the solution algorithm becomes
less critical.
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8.2 Which power system tasks to solve with ML?

With these considerations in mind, we attempt a classification of ML-based modelling approaches
depending on the objective that is pursued. These objectives are formulated along the lines of
altering the usefulness and the solution cost of models.

8.2.1 ML to solve forward problems: Accelerating model solution

The approach, that we explored in this thesis, is best described by accelerating the model solution.
We solve the forward problem by learning an explicit function that is easy to evaluate. The
modelling starts from a very clearly defined problem formulation which we already trust. In this
thesis, the governing Ordinary Differential Equations (ODEs) and Differential Algebraic Equations
(DAEs) constitute this problem formulation. When we turn this clearly defined setup into an
optimisation problem for the ML algorithm, we aim to replicate a solution from another solution
algorithm that has a negligible usefulness-penalty. By spending computational resources to learn
the ML-based explicit approximator, that is fast to evaluate at run-time, we can accelerate solving
a certain problem formulation with a small usefulness-penalty. As elaborated in Chapter 6, the
curse of dimensionality will make approaches of this type, more and more difficult when the input
dimensionality of the problem increases, unless we can induce problem specific knowledge, i.e.,
inductive biases. It is important to focus on reducing the usefulness-penalty in this context, not
simply accuracy. If a solution trajectory becomes unstable, the identification of this qualitative
behaviour might still be useful, even if the prediction of the numerical values itself is not entirely
accurate. Such considerations need to be taken into account in the formulation of the learning task
T and how to derive a loss function L from the performance metric P. In fact, the performance
metric should incentivise a low usefulness-penalty rather than just a high accuracy.

8.2.2 ML to solve inverse problems: Finding more useful models

Another task can be the identification of more useful models, i.e., solving inverse problems. Let
us take the example of the dynamics of a complex component with many states, e.g., x ∈ R10.
When connected to the power grid, this leads to a time-varying current injection and its accurate
approximation would be the aim when learning a forward problem. If we alter the task to instead
find, for example, an alternative update function f ′ : R2+1 7→ R2 based on a two-dimensional
state, i.e., x′ ∈ R2, we solve an inverse problem. Now, the objective becomes to find a model,
in fact a problem formulation, at a reduced usefulness level, but that is faster to evaluate. By
applying this strategy of ROM, one might even be able to make more useful problem formulations
tractable. Evaluating 1000 reduced-order models can be more useful than one fully-detailed model.
As reviewed in Section 4.5, the form of the update function can range from very specific model
structures, e.g., an ODE to which we fit parameters, to very loose definitions of the update function
as seen in Neural Ordinary Differential Equation (NeuralODE). The following difficulty arises with
this type of ML-based modelling. The resulting models might not have concrete physical meaning as
we are used to. It complicates the transformation between the reduced-order model and the detailed
model, as the defining embedding is learned and not constructed using physics-based arguments.
As a consequence, estimating the difference in the usefulness of the problem formulation using the
detailed or reduced-order-model becomes more complicated. It heavily depends on how well the
reduced-order-model generalises and whether there are variations across different operating points.
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8.2.3 ML-based direct approaches: Forward and inverse problem united

The splitting of the main problem, i.e., running the power grid, into many small problems is
heavily under the influence of either physically motivated simplifications, e.g., time-scale separation
to reduce the dimensionality of dynamic components, or to produce formulations which can be
efficiently solved. These guiding principles, physics-based or solution algorithm-focused, do not
necessarily lead to attractive ML problem formulations. For example, solving a convex relaxation of
an OPF problem is a possible learning task, but it might not be an attractive one when we could also
learn the exact solution. The usefulness of the convex relaxation is linked to the solution algorithm
that it enables and less to problem formulation itself. This shall say that ML might require from
us to rethink the problem formulations themselves. TDSs, for instance, are an intermediate step
for judging whether criteria for secure operation are met or not. Once we carried out the TDS,
checking these criteria is simple. In principle, a ML-based model could perform the same task
without going through the process of a running a TDS. The initial condition, control inputs, and
system parameters would constitute the inputs to the ML model, which then directly predicts the
classification of the system being secure or insecure. One might view it as solving an inverse and
forward problem at the same time. The inverse problem concerns finding a useful representation
for the stability assessment of the system based on the input data. The forward problem evaluates
this representation and then performs the classification. We refer to such combined approach as
direct approaches1.

This leads us to a conflict of objectives: The resulting model is very powerful but not really
interpretable. Constraining the hypothesis class hθ to predict interpretable quantities on the other
hand can inhibit the capacity of ML to abstract and find relations that are not easily derivable
– if they were, there is a good chance we found them in more than 100 years of power systems
research. The success of deep learning, as described in [49], relies on, to some extent, allowing
this uninterpretable abstraction. In AlphaGo [142], for example, the approach to not explicitly
specify how each move shall look enabled the algorithm to find moves that surprised even the best
Go-players.

In practice, the curse of dimensionality again complicates such direct approaches. If we required
large datasets based on simulations, we would quickly reach computational limits, if we used
real-world measurement data, the question of generalisation immediately occurs. While we might
have many data points to learn from, they are not necessarily favourably distributed. In particular,
when rare events such as blackouts are concerned, the generalisation quality is questionable. Hence,
these direct approaches offer large upside in terms of speed but need to consider how to handle the
curse of dimensionality in a way that allows them to generalise well.

8.3 Trusting the ML-based modelling process

Let us return to the question on how to foster the applicability of ML-based methods for power
systems. The distinction of the type of problem, we want to solve, plays a vital role. For pure
forward methods, which received most attention in this thesis, we have very different metrics to
consider than for an inverse problem. The perspectives given in Chapters 3 and 4 showed different

1In transient stability analysis, “direct” approaches such as those based on energy functions, see, e.g., [75],
[141], can be seen as an equivalent. They avoid TDSs by defining an appropriate proxy (the energy function). Its
generalisation capacity is rooted in the analytical derivation. The limitation of the method arises from where the
derivation is not possible.
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angles on “training a PINN”; they originated from the differences in the tasks, i.e., the type of
problem. What they share though, throughout this thesis, is a large part of the process to solve
them. This process includes potentially simulating a dataset, pre-processing it, training the model
including a model selection, and assessing its performance. Controlling and improving this process
in order to ensure reliable results for a broad range of tasks, can improve the overall trust in
ML-based modelling by better aligning expectations with the characteristics of the resulting models.

For this purpose, the idea of pipelines or frameworks is omni-present in the data-driven modelling
world, see, e.g., [143], [144]. Embracing the use of such frameworks can help the power system
community to develop clarity on language, terminology, and standards. Ideally, this assists the
“end-users” of ML models – in this thesis, for instance, grid operators – to easily determine the
appropriateness of modelling assumptions and assess the learning outcome. To this end, the notion
of a task T adopted from ML literature has been particularly helpful.

One easily overlooked aspect is that the software implementation benefits significantly from applying
frameworks. It encourages task-independent implementations, hence they become easier to share
and encourage standard interfaces between the steps in the ML process. The greater the ease
of exchanging modules and testing alternative methods, e.g., another hypothesis class, the more
we avoid underperforming models. On the software side, more and more platforms develop tools
that make the construction of pipelines and handling models easier, e.g., [145]–[148]. Of course
this must not lead to “blindly” applying ML methods – we saw the importance of understanding
the underlying problem many times throughout this thesis – but it can help to screen promising
approaches and build more trust in the ML-based modelling process.





CHAPTER 9
Conclusions and perspectives

9.1 Conclusions

This thesis aimed at investigating the modelling approach of Physics-Informed Neural Networks
(PINNs) in the context of performing Time-Domain Simulations (TDSs) of power system dynamics.
The benefit of PINNs is their fast evaluation speed paired with a sufficient solution accuracy.
Eventually, however, the applicability of PINNs to power systems will hinge around their scalability
to large multi-machine systems. Understanding if and how this scalability can be achieved was
explored in this thesis.

To this end, we first provided a detailed formulation and analysis of the modelling approach that
PINNs take. The clear alignment of PINNs with numerical approximation schemes for solving
Ordinary Differential Equations (ODEs), namely Runge-Kutta (RK)-schemes, opens the door to an
improved interpretation of what it means to learn the flow Φ of a dynamical system. It entails
understanding error characteristics and taking advantage of the solution structure that numerical
methods utilise. On this basis, we presented key factors for a successful modelling. We propose the
use of a dimensionless state space that defines how the multi-objective optimisation of different state
elements should be weighted. Furthermore, we introduce a loss-term, called dt-loss, that provides
additional regularisation of the training. It penalises predictions that contradict the governing
ODEs and it is evaluated on the supplied simulated data points. We introduce an extension
to a model architecture that uses implicit-RK schemes. By including the time step size as an
input variable, we transform the previously discrete-in-time approach to a continuous-in-time flow
approximator. The task of identifying system parameters illustrated how imposing a regularisation
based on the governing ODE affects the learning process.

In the second part of this thesis, we tested the scalability of PINNs in the context of TDSs for
multi-machine systems. We find a great speed advantage over conventional methods at the cost
of less accurate solutions. Still, the accuracy can be considered sufficient to assess the dynamic
response, e.g., for screening tasks. The training, however, requires a considerable amount of time
and does limit the ability to scale PINNs to realistic power system sizes, i.e., using them as a
general-purpose solver for power system dynamics. To overcome this limitation we propose an
algorithm called PINNSim that centres around approximating the dynamics of single machines
(as investigated in the first part) with PINNs. The process of learning the dynamics of each
component is performed separately from each other. To run a TDS with multiple machines, we
formulate an optimisation problem that determines the interaction between the single machines.
This optimisation problem is solved with an established root-finding algorithm. The potential
acceleration originates in the possibility to perform larger and hence fewer time steps than with
conventional methods. Thereby, PINNSim enables a scalable solution approach in which PINNs
can be integrated in a modular fashion on a component-level.
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Based on these insights, we conclude that the modelling framework of PINNs is best suited for
dynamical systems with a relatively low dimensionality. In such settings, the learning remains
tractable and building trust in the resulting models appears to be feasible. To achieve scalable
simulation models with PINNs, hybrid approaches around decomposition techniques seem promising.

9.2 Future work

This thesis has provided a proof of concept of PINNSim that might offer the potential to use PINNs
for realistic power system sizes and thereby accelerate TDSs. Our suggestions for future work are
guided by the vision to develop PINNSim into a fully-fledged simulator that can be applied to a
variety of power grids. Accuracy, efficiency, and reliability are three necessary objectives that we
need to investigate in this context – on the level of single components (as in Chapter 3) and on the
level of multi-machine systems (as in Chapter 7).

In the context of learning the dynamics (the flow) of a single component, we have to increase the
complexity of the component dynamics to a level usually encountered in power systems. This can
entail using components with more states, different time scales (stiff dynamics), or algebraic and
discrete variables. If we also include various parameter settings and control inputs, it leads to
a wide range of possible configurations. All these combinations constitute different but related
tasks, hence profiting from already learned solutions should help to improve the efficiency and
accuracy of the process, e.g., by applying transfer or multitask learning. By also standardising the
process of learning the component dynamics, starting from the governing ODEs, the reliability of
the results will improve – ideally all steps can be based solely on the definition of the component’s
ODEs. Detailed analyses of the error characteristics, maybe even the verification of the behaviour
of PINNs, see, e.g., [149] for an overview, are further promising steps to improve the reliability and
trustworthiness of this modelling approach.

When moving from single components back to the full simulator, accuracy, reliability, and efficiency
are again three drivers of developing the approach. First and foremost, to achieve scalability,
the efficiency of an iteration in the simulation must be improved. This primarily concerns the
implementation of the voltage update scheme. Techniques like a dishonest Newton-Raphson or
the exploitation of the sparsity in the calculations, are well-established in a similar context [4], [5],
[19], hence, their applicability should be tested here as well. By analysing the occurring errors,
adaptive time step sizes or ensuring tolerances might be possible. A crucial factor for the success of
PINNSim is the choice of the representation of the voltage profile as it will determine the maximum
allowable time step size. The intended use case as a general-purpose solver, furthermore, requires
the investigation of the performance of PINNSim in different settings. Dynamics corresponding
to set-point changes, topology changes or short-circuits are necessary capabilities. In light of the
energy transition, the simulation of electromagnetic transients, so-called EMT-simulations, becomes
increasingly important [7]. Based on this relevance and the potential for significant acceleration
of the solution, we consider PINNSim applied to EMT simulations a promising future research
direction.



APPENDIX A
Training and simulation setups

The following will describe the details of the training and simulation setup, i.e., parameters, software,
and hyperparameters, used throughout the chapters.

A.1 Machine parameters

The parameters of the Single-Machine Infinite-Bus (SMIB) are shown in Table A.1.

Table A.1: SMIB parameters

Control
input u

Parameters λ

P [p.u.] H [p.u.] D [p.u.] E′
q,0 [p.u.] V [p.u.] X ′

d [p.u.]

0.1 2.0 2.5 1.0 1.0 2.5

For the simulation of the multi-machine systems, we use the settings shown in Tables A.2 to A.4.
The control input values are chosen such that the set points for the power flow specified in [3],
[132], [133] are met. We want to note, that our goal for the selection of parameters was not to
model a realistic setup. Instead, the focus lay on generating a dynamic behaviour on which we
could test the approaches in Chapters 6 and 7.

Table A.2: Machine parameters 9-bus system

Generator ID Control input u Parameters λ

Pm [p.u.] Efd [p.u.] H [p.u.] D [p.u.] X ′
d [p.u.]

1 0.9031 1.0560 23.64 2.364 0.0608
2 1.3428 1.0398 6.4 1.28 0.1198
3 0.9423 1.0184 3.01 0.903 0.1813

A.2 Software implementation and Hardware

All simulations and Neural Network (NN) training procedures are implemented in Python 3.9.
The simulations utilise Assimulo [131], whenever we require the solution of Differential Algebraic
Equations (DAEs). For Ordinary Differential Equations (ODEs), we use the package torchdiffeq
[138] due to the possibility for differentiating through the solver. It is based on PyTorch [68], which
we also use for all training procedures. The only exception forms the training of the Bayesian
Neural Networks (BNNs) and Bayesian Physics-Informed Neural Networks (BPINNs) in Chapter 4.
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Table A.3: Machine parameters 11-bus system

Generator ID Control input u Parameters λ

Pm [p.u.] Efd [p.u.] H [p.u.] D [p.u.] X ′
d [p.u.]

1 7.0000 1.1132 58.500 10.0 0.033
2 7.0000 1.1117 58.500 10.0 0.033
3 7.1909 1.1116 55.575 10.0 0.033
4 7.0000 1.1012 55.575 10.0 0.033

Table A.4: Machine parameters 39-bus system

Generator ID Control input u Parameters λ

Pm [p.u.] Efd [p.u.] H [p.u.] D [p.u.] X ′
d [p.u.]

1 6.7159 1.1586 500.0 100.0 0.05
2 6.4600 1.2231 30.3 6.06 0.05
3 6.7116 1.2272 35.8 7.16 0.05
4 6.5200 1.1125 38.6 7.72 0.05
5 5.0800 1.1108 26.0 5.20 0.05
6 6.6145 1.2062 34.8 6.96 0.05
7 5.8000 1.1225 26.4 5.28 0.05
8 5.6400 1.0713 24.3 4.86 0.05
9 6.5403 1.0563 34.5 6.90 0.05
10 6.8959 1.1275 42.0 8.40 0.05

In said chapter, we use NumPyro [107] and Pyro [108], that are specifically designed for probabilistic
modelling, alongside JAX [70]. To track the high number of experiments in this thesis, we utilised
Wandb [146] for logging, saving models, and performing hyperparameter tuning.

The used hardware is an AMD Ryzen 7 PRO (1.9 GHz, 8 cores) and 16GB RAM for the simulations
and NN training in Chapters 4 and 7. For the training of the models in Chapters 3 and 6, we utilise
a High-Perfomance Computing (HPC) cluster located at the Technical University of Denmark [150].
The nodes comprise 2xIntel Xeon Processor 2650v4 (12 core, 2.20GHz) and 256 GB memory of
which we used 4 cores per training run.

A.3 Hyperparameters

A.3.1 Chapter 3

For the different setups, we ranked the model complexity for different combinations of the number
of hidden layers NL and the neurons per layer NN . A model complexity of 1 corresponds to a
low model complexity and 15 to a high model complexity. The ranking is based on the size of the
training error when not stopping the training early, i.e., we test how well the training dataset can
be fit. The order was very consistent over multiple setups.

The dataset and sampling strategy form additional hyperparameters. For the former, we explicitly
state them throughout the chapter, for the latter, the linear sampling in time and annular sampling
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Table A.5: NN model complexity in Chapter 3

Model
complexity 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

NL 1 1 1 1 1 2 2 3 2 3 2 3 2 3 3
NN 16 24 32 48 64 16 24 16 32 24 48 32 64 48 64

of the initial condition are chosen. We subtract 20% of the training dataset size to form the
validation dataset. To avoid rerunning the simulation process needed for the dataset generation,
we simulate 10000 data points once and then draw random samples out of this large dataset to
form the training / validation dataset. For the test dataset, we simulated additional 2000 points.

The hyperparameter settings are not altered within the chapter, i.e., all models were run with
the setup of the Limited Memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) optimiser as
implemented in PyTorch (https://pytorch.org/docs/stable/generated/torch.optim.LBFGS.

html) in Table A.6. The loss weighting factors αdt, αc,0, αc,max and the fade-in speed E′ only
assume the following values when dtNNs or Physics-Informed Neural Networks (PINNs) were
trained, see Section 3.5.1. We tested a range of random hyperparameters for models of medium
complexity, but no clear trends in the performance were observable. Trends were observed in terms
of the training time, i.e., the number of iterations and the history size affect the speed per epoch.
As the training can yield very low loss values, we internally scaled the loss in each epoch with the
epoch count E. Thereby, the tolerance settings of the optimiser were not limiting. If they are
active, the training will stop, potentially prematurely. This can lead to an undesired distortion of
the accuracy if the model could have fitted the data better. The scaling of L with E avoided this
phenomenon.

Table A.6: Hyperparameter settings Chapter 3

Learning
rate

Tolerance
change

Tolerance
grad

History
size

Line
search

Max
iterations αdt αc,0 αc,max E′

1.0 10−9 10−9 120 False 25 0.1 10−6 0.1 10

A.3.2 Chapter 4

In this chapter, we used for all setups, i.e., of NNs, BNNs, PINNs, BPINNs, the same model size
/ complexity, namely with NL = 2 and NN = 16. As we knew the ground truth data and aimed
for an illustration of the differences between PINNs and BPINNs, the hyperparameters were not
optimised and chosen with the knowledge of the exact parameters in mind, see Table A.9. For a
parameter estimation without knowing ground truth a hyperparameter selection routine has to be
implemented, e.g., based on a validation dataset.

For the BNNs and BPINNs, we use the No-U-turn-sampler [106] as implemented in NumPyro
[107] (https://num.pyro.ai/en/stable/mcmc.html#hmc). We use an adaptable mass matrix,
adaptable time step sizes, and a tree depth of 8 in the experiments. We sample 5000 warm-up
samples and another 5000 samples for the estimation.

https://pytorch.org/docs/stable/generated/torch.optim.LBFGS.html
https://pytorch.org/docs/stable/generated/torch.optim.LBFGS.html
https://num.pyro.ai/en/stable/mcmc.html#hmc
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Table A.7: Hyperparameter settings for NNs / PINNs Chapter 4

Learning
rate

Tolerance
change

Tolerance
grad

History
size

Line
search

Max
iterations αc

0.1 10−10 10−10 100 False 25 1.0

A.3.3 Chapter 6

For the scaling of the states x and y, we adopted the following strategy. We group the variables in
four variable groups with the goal to find one common scaling for each group. The four groups are
constructed by distinguishing between the relative rotor angles δi − θi, the frequency deviations
∆ωi, the relative bus voltage angles θi− θsl, and the voltage magnitudes. We calculate the standard
deviation across the values of all data points within each group. This forms the scaling factor ξi by
which the loss in the transformed state space is calculated. This choice should also be regarded a
hyperparameter as it will influence how well the models generalise for the different states.

We proceed analogous to the description above on Chapter 3. First, we define in Table A.8 the
levels of model complexity (the values differ from Table A.5). The dataset sizes are as specified
in Section 6.1, for the 11-bus and 39-bus systems, we used scenario E. The hyperparameters are
selected as shown in Table A.9, the dtNN and PINN specific setting were only use for the 9-bus
system in Section 6.3 for the training-time analysis.

Table A.8: NN model complexity Chapter 6

Model complexity 1 2 3 4 5 6 7 8 9 10 11 12

NL 1 1 1 1 2 2 2 2 3 3 3 3
NN 16 32 64 128 16 32 64 128 16 32 64 128

Table A.9: Hyperparameter settings Chapter 6

Learning
rate

Tolerance
change

Tolerance
grad

History
size

Line
search

Max
iterations αdt αc,0 αc,max E′

1.0 10−10 10−10 80 False 18 0.1 10−10 0.1 10

A.3.4 Chapter 7

For the three machines, we follow the setup from Chapter 3. All models are trained as PINNs with
|DTrain| = 2000 data points and |Dc| = 1000 collocation points.
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B.1 Chapter 6
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Figure B.1: Trade-off between run-time and accuracy for the 9, 11, and 39-bus system on a
per-point basis. The point stem from 5 values of η and the time steps as in Figure 6.2, i.e., between
0.01 s and 5 s.
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B.2 Chapter 7
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Figure B.2: Maximum approximation error at the end of a time step ∆t as a function of the order
of the voltage parametrisation (rows), the predictor scheme (y-axis) and the time step size (x-axis).



APPENDIX C
Inverse PINNs

C.1 MLE and MAPE of the trajectory
The approximation of a credible ŷ by a hθ

ŷ = g(hθ(t)) (C.1)

parametrised by θ will be the first objective, so we formulate the likelihood p(D|θ, σy)

p(D|θ, σy) =
|D|∏
i=1

1√
2πσy

2
exp

−∥∥ŷ(t(i))− y(i)
∥∥2

T,2

2σy
2

 . (C.2)

To obtain the Maximum Likelihood Estimator (MLE) θ̂MLE , we use (4.3) and apply the natural
logarithm

θ̂MLE , σ̂y,MLE = arg max
θ,σy

|D| log

 1√
2πσ2

y

+
|D|∑
i=1

−∥∥ŷ(t(i))− y(i)
∥∥2

T,2

2σy
2

 (C.3)

= arg min
θ,σy

|D|
2 log

(
2πσ2

y

)
+ 1

2σy
2

|D|∑
i=1

∥∥∥ŷ(t(i))− y(i)
∥∥∥2

T,2
(C.4)

= arg min
σy

1
2 log

(
2πσ2

y

)
+ 1

2σy
2

min
θ

1
|D|

|D|∑
i=1

∥∥∥ŷ(t(i))− y(i)
∥∥∥2

T,2

 (C.5)

= arg min
σy

1
2 log

(
2πσ2

y

)
+ 1

2σy
2

(
min
θ
Ly

)
(C.6)

The inner minimisation problem corresponds to the usual loss as in (3.7a) (there it is Lx as we use
x instead of y). The MLE of σy can then be calculated by setting the derivative of the objective
value to 0

0 = 1
4πσy

2 4πσy −
1

σy
3Ly (C.7)

0 = 1
σy

(
1− 1

σy
2Ly

)
(C.8)

σ̂y,MLE =
√
Ly (C.9)

In case of the Maximum a Posteriori Estimator (MAPE), we need to include priors on θ and σy,
i.e., p(θ), p(σy), by multiplying the likelihood with it. For the case of θ we assume a multivariate
Gaussian prior N (0, I) and for σy we use a log-normal prior as we are likely to know the order of
magnitude of the noise but not the exact size.

p(θ) = (2π)−|θ|/2 det(I)−1/2 exp
(
−1

2 ∥θ∥
2
2

)
(C.10)

p(σy) = 1
σy

√
2πσ2

σ

exp
(
− (ln(σy − µσ))2

2σ2
σ

)
. (C.11)
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When adding these terms to the MLE after applying the logarithm, they become the following
summands in the maximisation problem or with the opposite sign in the minimisation problem

log(p(θ)) = −1
2 |θ| log(2π)− 1

2 ∥θ∥
2
2 (C.12)

log(p(σy)) = − log(σy)− 1
2 log(2πσ2

σ)− 1
2σ2

σ

(log(σy − µσ))2. (C.13)

The MAPE becomes

θ̂MAP E , σ̂y,MAP E = arg min
θ,σy
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(C.14)

= arg min
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= arg min
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(C.16)

By fixing σy in the last row / bracket in (C.16), its value can be optimised for θ separately, and it
corresponds to a L2-regularised training.

C.2 MLE of the ODE parameters

We can follow the same procedure as above to derive the MLE for the ODE parameters λ based on
the likelihood functions (4.12) and (4.15).

p(D,Dc|θ, σy,λ, σf ) =p(D|θ, σy) p(Dc|θ,λ, σf ) (C.17)
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θ̂MLE , σ̂y,MLE , λ̂MLE ,σ̂f,MLE = arg max
θ,σy,λ,σf

log (p(D,Dc|θ, σy,λ, σf )) (C.18)
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= arg min
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∥∥∥ŷ(t(i))− y(i)
∥∥∥2

T,2

+ 1
σ2

y

σ2
y

σ2
f

|Dc|
|D|

1
|Dc|

|Dc|∑
i=1

∥∥∥f̂(t(i),θ,λ, σf )− 0
∥∥∥2

T,2

(C.21)

By denoting the familiar loss terms by

Ly = 1
|D|

|D|∑
i=1
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T,2
(C.22)

and

Lc = 1
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we obtain the expression

θ̂MLE , σ̂y,MLE , λ̂MLE , σ̂f,MLE = arg min
θ,σy,λ,σf
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(C.24)

By fixing σy and σf in the term αc = σ2
y

σ2
f

|Dc|
|D| , we obtain the familiar formulation of the PINN for

the forward problem, i.e., (3.16) (without the dt-loss and with Lx instead of Ly).
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